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Abstract
Recently a construction was given for the stress tensors of all sectors of the general
current-algebraic orbifold A(H)/H, where A(H) is any current-algebraic conformal
field theory with a finite symmetry group H. Here we extend and further analyze this
construction to obtain the mode formulation of each sector of each orbifold A(H)/H,
including the twisted current algebra, the Virasoro generators, the orbifold adjoint op-
eration and the commutator of the Virasoro generators with the modes of the twisted
currents. As applications, general expressions are obtained for the twisted current-
current correlator and ground state conformal weight of each twisted sector of any
permutation orbifold A(H)/H, H ⊂ SN . Systematics are also outlined for the orb-
ifolds A(Lieh(H))/H of the (H and Lie h)-invariant conformal field theories, which
include the general WZW orbifold and the general coset orbifold. Finally, two new
large examples are worked out in further detail: the general SN permutation orbifold
A(SN )/SN and the general inner-automorphic orbifold A(H(d))/H(d).
∗E-Mail: hllywd2@physics.berkeley.edu
1 Introduction
Orbifold theory1−21 has a long history, yet until recently, orbifolds have been studied primar-
ily at the level of examples. This situation has now changed due to a recent synthesis of the
principles of orbifold theory with the principles of current-algebraic conformal field theory,
and we may now view at a glance the panorama of all current-algebraic orbifolds.19
In particular, Ref. 19 gave a constructiona of the twisted currents Jˆ(σ) and stress
tensors Tˆσ
T = LabH : JaJb : −→σ Tˆσ = Ln(r)µ;−n(r),ν(LH ; σ) : Jˆ(σ)n(r)µJˆ(σ)−n(r),ν : (1.1a)
σ = 0, ..., Nc − 1 (1.1b)
of all sectors σ of any current-algebraic orbifold A(H)/H . Here A(H), described by the stress
tensor T , is any current-algebraic conformal field theory with a finite symmetry group H .
Technically, A(H) is a member of the class of H-invariant CFT’s23−25,19 on g, which includes
all the CFT’s with a symmetry H ⊂ Aut(g) in the general affine-Virasoro construction.26,27,25
The number of sectors Nc of the orbifold A(H)/H is the number of conjugacy classes of H
and the construction (1.1) is shown schematically in Fig. 1.
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Fig. 1. The H-invariant CFT’s A(H) and their orbifolds A(H)/H .
The orbifold duality transformation indicated in (1.1)
LH −→σ L(LH ; σ) (1.2)
gives the twisted inverse inertia tensor L of each sector σ in terms of the H-invariant inverse
inertia tensor LH of the H-invariant CFT A(H). Other orbifold duality transformations
exist for other twisted tensors of the orbifold, and the explicit form of the generic orbifold
duality transformation is a discrete Fourier transform.
The central ingredients underlying the breadth and depth of this construction are
• local formulation of the theory in terms of currents, OPE’s and OPE isomorphisms
aThis construction drew heavily on recent advances in the theory of cyclic permutation orbifolds, including
the discovery of orbifold affine algebra15 and the orbifold Virasoro master equation.22
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• the LabH formulation of theH-invariant CFT’s in the general affine-Virasoro construction.
The local formulation (as opposed to a mode formulation) is the key to the orbifold duality
transformations, while the LabH formulation allows us to study all current-algebraic orbifolds
at once, or any example.
The organization of this paper is best summarized by the names of its sections:
2 Local Formulation of Current-Algebraic Orbifolds
3 The Mode Formulation of Orbifold Theory
4 The Orbifold Adjoint Operation
5 The Tˆ Jˆ OPE’s of A(H)/H
6 The Orbifolds of the (H and Lie h)-invariant CFT’s
7 About Permutation Orbifolds
8 The Permutation Orbifolds A(SN)/SN
9 The Inner-Automorphic Orbifolds A(H(d))/H(d).
In particular, Sec. 2 reviews and extends the local formulation19 of current-algebraic orbifold
theory in a form which exhibits the natural grading of the orbifold operator products. In
Secs. 3–5, we work out the implied mode formulation and other consequences of the local
formulation. We mention in particular four results obtained in the mode formulation for
all sectors σ of all orbifolds A(H)/H : the general twisted current algebra in Eq. (3.4), the
orbifold Virasoro generators in Eq. (3.13), the orbifold adjoint operation in Eqs. (4.4) and
(4.7) and the commutator (5.9) of the Virasoro generators with the modes of the twisted
currents.
The (H and Lie h)-invariant CFT’s A(Lieh(H)) are those “doubly-invariant” CFT’s
with both a finite symmetry and a Lie symmetry23−25,28,22 although we mod out only by
the finite symmetry to obtain (see Sec. 6) the orbifolds A(Lieh(H))/H . The general WZW
orbifold and the general coset orbifold are discussed as special cases of A(Lieh(H))/H in
Subsec. 6.4. The twisted current-current correlators and ground state conformal weights
of the general permutation orbifold are computed in Sec. 7. We also work out two new
large examples in further detail, including the general SN permutation orbifold in Sec. 8
and the general inner-automorphic orbifold in Sec. 9. The story of the inner-automorphic
orbifolds A(H(d))/H(d) is particularly interesting, not least because of their overlap with
the orbifolds A(Lieh(H))/H . Indeed, we will argue that this overlap contains almost all the
inner-automorphic orbifolds which can be equivalently described by stress-tensor spectral
flow29,30,26,25 whereas the generic inner-automorphic orbifold apparently can not be described
in this way.
The seminal case19 of the cyclic permutation orbifolds A(Zλ)/Zλ is used as an example
in various sections, and the appendices include the setups for the permutation orbifolds
A(Dλ)/Dλ and the outer-automorphic orbifolds.
This is as far as we have worked out the consequences of the “orbifold program”, but
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much remains to be done, including other large examples and analysis of the situation when
A(H) has a larger chiral algebra.
2 Local Formulation of Current-Algebraic Orbifolds
In this section we review and extend the local formulation of the general current-algebraic
orbifold19. The extension includes a new periodic notation and new “selection rules”, both
of which are necessary to exhibit the natural grading of the orbifold operator products. As
an illustration, the seminal case of the general cyclic permutation orbifold19 is recalled in
Subsec. 2.6.
2.1 The current-algebraic CFT’s
The study of current-algebraic CFT’s begins with the general affine Lie algebra31,32,29,25
Ja(z)Jb(w) =
Gab
(z − w)2 +
if cab Jc(w)
z − w +O((z − w)
0), Ja(ze
2πi) = Ja(z) (2.1a)
[Ja(m), Jb(n)] = if
c
ab Jc(m+ n) +mGabδm+n,0 (2.1b)
g = ⊕I gI , Gab = ⊕I kIηIab, a, b, c = 1, ..., dimg, m, n ∈ Z (2.1c)
where Gab and f
c
ab are the metric and structure constants of semisimple
b Lie g. The desired
real form of the affine algebra is specified by the adjoint operation
Ja(m)
† = ρ ba Jb(−m), ρ c ∗a ρ bc = δ ba , ρ∗ρ = 1 (2.2a)
G ∗ab = ρ
c
a ρ
d
b Gcd, f
c ∗
ab = ρ
d
a ρ
e
b f
f
de ρ
c ∗
f (2.2b)
where the conjugation matrix ρ is unity in any Cartesian basis, and corresponding forms
follow in other bases. For integer level xI = 2kI/ψ
2
I of compact g
I with highest root ψI , the
adjoint operation in (2.2a) guarantees unitarity of the affine Hilbert space.
The general affine-Virasoro construction26,27,33,34,25 is
T (z)T (w) =
c/2
(z − w)4 + (
2
(z − w)2 +
∂w
z − w )T (w) +O((z − w)
0) (2.3a)
T (z) = Lab : Ja(z)Jb(z) :, L
ab = Lba (2.3b)
Lab = 2LacGcdL
db − LcdLeff ace f bdf − Lcdf fce f (adf Lb)e, c = 2GabLab (2.3c)
bNon-compact versions of g are included and abelian components of g are easily included26 as well (see
Subsec. 3.3).
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where we have chosenc OPE normal ordering
: Ja(w)Jb(w) : =
∮
w
dz
2πi
Ja(z)Jb(w)
z − w (2.4)
and the inverse inertia tensor Lab satisfies the Virasoro master equation in (2.3c). The L∗
relation given below25
Lab ∗ = Lcdρ a ∗c ρ
b ∗
d ↔ L(m)† = L(−m) (2.5)
guarantees the indicated adjoint of the Virasoro generators, and this adjoint operation guar-
antees the unitarity of the CFT, given the unitarity of the affine Hilbert space.
2.2 The automorphism group H and the H-invariant CFT’s
We consider any H-covariant algebra g, that is, any algebra g with a finite-orderd automor-
phism group H ⊂ Aut(g). The automorphism group H acts on the g currents J in matrix
representation ω,
Ja(z)
′ = ω(hσ)
b
a Jb(z), ω(hσ) ∈ H ⊂ Aut(g) (2.6a)
ω(hσ)
c
a ω
†(hσ)
b
c = δ
b
a (2.6b)
ω(hσ)
c
a ω(hσ)
d
b Gcd = Gab, ω(hσ)
d
a ω(hσ)
e
b f
f
de ω
†(hσ)
c
f = f
c
ab (2.6c)
ω(hσ)
∗ρ ω†(hσ) = ρ ↔ Ja(m)′ † = Ja(m)† ′ (2.6d)
where the relations in (2.6) hold for all hσ ∈ H . The relations (2.6c) – which express the
H-invariance of Gab and f
c
ab – guarantee that J
′ satisfies the same algebra as J , so that
H ⊂ Aut(g) is also an automorphism group of affine g. Consequently, we often refer to the
affine algebra as an H-covariant affine algebra on g. The H-covariance of the conjugation
matrix ρ in (2.6d) is equivalent to the statement that the automorphism group preserves the
real form of the affine algebra (2.1b).
The H-invariant CFT’s23−25,19 A(H) are those CFT’s for which the inverse inertia tensor
LH is invariant under H
T = LabH : JaJb :, L
cd
H ω(hσ)
a
c ω(hσ)
b
d = L
ab
H , ∀ hσ ∈ H ⊂ Aut(g) (2.7a)
T ′ = LabH : Ja
′Jb
′ : = LabH : JaJb : = T . (2.7b)
cBecause of the symmetry Lab = Lba, the stress tensor T in (2.3b) can equivalently be described by various
normal ordering prescriptions. OPE normal ordering however comes equipped with an efficient calculus35 for
computing OPE’s of products of ordered products and this prescription has been extended22,19 to compute
corresponding OPE’s in the twisted sectors of orbifolds (see Subsec. 2.5).
dAutomorphism groups of infinite order (including Lie groups) are also included formally. See our remarks
in Subsecs. 6.1 and 9.1.
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These are the CFT’s whose stress tensors also describe the untwisted sectors of the general
current-algebraic orbifold A(H)/H . For each symmetry group H , it is known23 that the
inverse inertia tensors of the H-invariant CFT’s satisfy a consistent reduced Virasoro master
equation (with an equal number of equations and unknowns).
The simplest H-invariant CFT’s include Ag(H), H ⊂ Aut(g), whose stress ten-
sor is the affine-Sugawara construction29,36−39,25 on g, and the general H-invariant coset
construction19,21 g
h
(H). We will return to these popular examples as illustrations below (see
Subsecs. 6.1–6.4 and 9.3).
In what follows all inverse inertia tensors LH are H-invariant, so we may drop the sub-
script LabH → Lab without confusion.
2.3 The H-eigenvalue problem
Choosing one representative hσ from each conjugacy class σ of H , the H-eigenvalue problem
is defined as
ω(hσ)
b
a U
†(σ)
n(r)µ
b = U
†(σ) n(r)µa En(r)(σ), σ = 0, ..., Nc − 1 (2.8a)
U †(σ)U(σ) = 1, En(r)(σ) = e
−
2piin(r)
ρ(σ) , n(r) ∈ Z . (2.8b)
Here Nc is the number of conjugacy classes of H and the integer r runs over the distinct
eigenvalues of the problem at each σ. The eigenvalues En(r)(σ) are labeled by the spectral
index n(r) ≡ n(r; σ) and the degeneracy index µ ≡ µ(n(r; σ)) labels the degenerate eigen-
states with eigenvalue En(r)(σ). The quantity ρ(σ) ∈ Z+ is the order of the automorphism
hσ, defined as the smallest positive integer satisfying
ω(hσ)
ρ(σ) = 1 . (2.9)
As a convention, we assign σ = 0 to the trivial automorphism
ω(h0)
b
a = δ
b
a , U(0) = U
†(0) = 1, En(r)(0) = ρ(0) = 1 . (2.10)
Other useful forms of the eigenvalue problem include
ω = U †EU, ω† = U †E∗U (2.11a)
ωU † = U †E, Uω = EU, U∗ω∗ = E∗U∗, ω†U † = U †E∗, Uω† = E∗U (2.11b)
where diag(E) = {En(r)}. As seen here, we often suppress the label σ for brevity.
The eigenvalues En(r) are invariant under the transformation n(r)→ n(r)± ρ(σ), so we
may require this periodicity for the eigenvectors as well,
En(r)±ρ(σ)(σ) = En(r)(σ) (2.12a)
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U †(σ) n(r)±ρ(σ),µa = U
†(σ) n(r)µa , U(σ)
a
n(r)±ρ(σ),µ = U(σ)
a
n(r)µ (2.12b)∑
r,µ
U †(σ) n(r)µa U(σ)
b
n(r)µ = δ
b
a , U(σ)
a
n(r)µ U
†(σ) n(s)νa = δ
ν
µ δ
n(s)
n(r) (2.12c)
δ
n(s)
n(r) ≡ δn(r)−n(s),0 mod ρ(σ),
∑
s
f(n(s)) δ
n(r)
n(s) = f(n(r)) (2.12d)
where the last identity holds for all f with period ρ(σ). In what follows, relations such as
the first relation in (2.12c) will generally be written as
U †(σ) n(r)µa U(σ)
b
n(r)µ = δ
b
a (2.13)
with an implied summation on repeated indices.
Using the H-covariance of ρ in (2.6d), the eigenvalue problem can be recast in the form
ω(ρU †)∗ = (ρU †)∗E∗ . (2.14)
This tells us first that the eigenvalues E∗ are in the spectrum E
En(r)(σ)
∗ = Eρ(σ)−n(r)(σ) = E−n(r)(σ) (2.15)
and, in particular, that −n(r) ∈ {n(r)} is a spectral index when n(r) is a spectral index.
Moreover, (2.15) tells us that the degeneracy of E−n(r)(σ) is the same as that of En(r)(σ).
Since n(r) is only determined mod ρ(σ), it is useful to define the twist class n¯(r)
n¯(r) ≡ n(r) ≡ n(r)− ρ(σ)⌊n(r)
ρ(σ)
⌋, n¯(r) ∈ {0, ..., ρ(σ)− 1} (2.16)
where ⌊x⌋ is the largest integer less than or equal to x. The twist class is an integer which
evaluates n(r) in the fundamental range shown, and twist classes will control the mon-
odromies of twisted fields in the orbifolds below. Note that n¯(r) = n(r) when n(r) is in the
fundamental range. We also compute the twist class corresponding to −n(r)
−n(r) = −n¯(r) =
{
ρ(σ)− n¯(r) when n¯(r) 6= 0
0 when n¯(r) = 0
(2.17)
where we have used −⌊−x⌋ = ⌊x⌋ + 1 for x not an integer.
In what follows, the description of each sector σ of the general current-algebraic orbifold
A(H)/H is given in terms of the solution {U †(σ), E(σ)} of the H-eigenvalue problem (2.8).
It is unlikely that a solution of the H-eigenvalue problem can be found across all H , but
solution of the H-eigenvalue problem is straightforward for any particular choice of H : The
solutions for the cyclic permutation groups H = Zλ
g = ⊕λ−1I=0gI , gI ∼= g (2.18a)
a→ a, I, a = 1, ..., dimg, I = 0, ..., λ− 1 (2.18b)
6
ω(hσ)
b
a → ω(hσ) bJaI = δ ba δI+σ,J mod λ, σ = 0, ..., λ− 1 (2.18c)
n(r), µ→ r, aj, r¯ = 0, ..., ρ(σ)− 1, j = 0, ..., λ
ρ(σ)
− 1 (2.18d)
U †(σ) n(r)µa → U †(σ) rbjaI =
δ ba√
ρ(σ)
e
2piiN(σ)r(j−I)
λ δj,I mod λ
ρ(σ)
, Er(σ) = e
− 2piir
ρ(σ) (2.18e)
were given in Ref. 19, which also defines the integers N(σ). In this case, the labels (a, j) are
the degeneracy indices of the spectral indices n(r) = r, with r¯ = r − ρ(σ)⌊r/ρ(σ)⌋. The U †
periodicity r → r ± ρ(σ) is a consequence of the support ((j − I)ρ/λ) ∈ Z of the Kronecker
factor. More generally, the eigenvectors of each H-eigenvalue problem are the basis elements
of discrete Fourier transforms with period ρ(σ) in the spectral indices {n(r)}.
The solutions for the permutation group H = SN and the general group of inner au-
tomorphisms of simple g will be given in Secs. 8 and 9 respectively. The setups for the
permutation group H = Dλ and the general group of outer automorphisms of simple g are
given in Apps. J and K respectively. Many other large examples remain to be worked out in
further detail, including the other permutation subgroups of SN (see also Subsec. 3.1).
2.4 The twisted currents of the orbifold A(H)/H
We turn next to the twisted currents Jˆ of the current-algebraic orbifold
A(H)
H
, H ⊂ Aut(g) (2.19)
where A(H) is any H-invariant CFT.
For each conjugacy class σ, the eigencurrent19 J (σ) is defined as the linear combination
of the untwisted currents J
Jn(r)µ(z) ≡ χ(σ)n(r)µU(σ) an(r)µ Ja(z), Ja(z) = χ(σ)−1n(r)µU †(σ) n(r)µa Jn(r)µ(z) (2.20a)
Jn(r)µ(z)′ = En(r)(σ)Jn(r)µ(z) (2.20b)
which (according to (2.6a) and (2.11)) has a diagonal response En(r)(σ) to the automorphism
group. The numbers χ(σ)n(r)±ρ(σ),µ = χ(σ)n(r)µ with χ(0) = 1 comprise an otherwise arbitrary
set of normalization constants.
In general orbifold theory10,13,15,16,19,21 the sectors of each orbifold A(H)/H are labeled
by the conjugacy classes σ = 0, ..., Nc − 1 of H . The twisted currents Jˆ(σ) of sector σ are
obtained from the eigencurrents of sector σ by the OPE isomorphism15,19
Jn(r)µ(z)−→σ Jˆn(r)µ(z) (2.21a)
automorphisms En(r)(σ) −→σ monodromies En(r)(σ) (2.21b)
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which includes the automorphism/monodromy exchange in (2.21b).
The OPE isomorphism (2.21) gives the twisted current system19 of sector σ
Jˆn(r)µ(z)Jˆn(s)ν(w) =
Gn(r)µ;n(s)ν(σ)
(z − w)2 +
iF n(t)δn(r)µ;n(s)ν (σ)Jˆn(t)δ(w)
z − w +O((z − w)
0) (2.22a)
Jˆn(r)µ(ze
2πi) = En(r)(σ)Jˆn(r)µ(z), En(r)(σ) = e
−
2piin(r)
ρ(σ) (2.22b)
Jˆn(r)±ρ(σ),µ(z) = Jˆn(r)µ(z), Jˆρ(σ)−n(r),µ(z) = Jˆ−n(r),µ(z) (2.22c)
Gn(r)µ;n(s)ν(σ) = χ(σ)n(r)µχ(σ)n(s)νU(σ) an(r)µ U(σ) bn(s)ν Gab (2.22d)
F n(t)δn(r)µ;n(s)ν (σ) = χ(σ)n(r)µχ(σ)n(s)νχ(σ)−1n(t)δU(σ) an(r)µ U(σ) bn(s)ν f cab U †(σ) n(t)δc (2.22e)
#{Jˆ(σ)} = #{J} = dimg (2.22f)
and (2.22b) tells us that the twisted current Jˆn(r)µ has twist class n¯(r) in (2.16). The relations
(2.22d) and (2.22e) are the orbifold duality transformations
G−→σ G(G; σ), f −→σ F(f ; σ) (2.23)
from the untwisted metric Gab and structure constants f
c
ab to the twisted metric G(σ) and
the twisted structure constants F(σ) of sector σ.
The twisted tensors G(σ) and F(σ) inherit the spectral index periodicity
Gn(r)±ρ(σ),µ;n(s)ν(σ) = Gn(r)µ;n(s)ν(σ), F n(t)δn(r)±ρ(σ),µ;n(s)ν (σ) = F n(t)δn(r)µ;n(s)ν (σ) (2.24)
from the periodicity (2.12b) of the eigenvectors U(σ) and U †(σ), and similarly for n(s) and
n(t). For the same reason, the periodicity n(r)→ n(r)± ρ(σ) holds for each spectral index
of each of the twisted tensors introduced below.
For the untwisted sector σ = 0 one has U †(0) = 1, n¯(r) = 0, µ = a and
Gab(0) = Gab, F cab (0) = f cab , Jˆa(σ = 0) = Ja(σ = 0) = Ja (2.25)
so the system (2.22) reduces in this case to the OPE’s (2.1a) of the affine Lie algebra of
the H-covariant algebra g. The number of twisted currents in (2.22f) is independent of σ
because U †(σ) is an invertible square matrix. The twisted current system (2.22) was called
g(H ⊂ Aut(g); σ) in Ref. 19.
The twisted metric of sector σ also satisfies
Gn(r)µ;n(s)ν(σ) = Gn(s)ν;n(r)µ(σ) (2.26a)
Gn(r)µ;n(s)ν(σ)(1− En(r)(σ)En(s)(σ)) = 0 (2.26b)
Gn(r)µ;n(s)ν(σ) = δn(r)+n(s),0 mod ρ(σ)Gn(r)µ;−n(r),ν(σ) (2.26c)
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where the selection rule for G in (2.26b) is the duale in sector σ of the H-invariance of G
in (2.6c), and (2.26c) is the solutionf of the selection rule. Similarly, the twisted structure
constants of sector σ satisfy
F n(t)δn(r)µ;n(s)ν (σ) = −F n(t)δn(s)ν;n(r)µ (σ) (2.27a)
F n(u)µ′n(r)µ;n(s)ν (σ)F n(v)γn(t)δ;n(u)µ′ (σ) + F n(u)µ
′
n(s)ν;n(t)δ (σ)F n(v)γn(r)µ;n(u)µ′ (σ)
+ F n(u)µ′n(t)δ;n(r)µ (σ)F n(v)γn(s)ν;n(u)µ′ (σ) = 0 (2.27b)
Fn(r)µ;n(s)ν;n(t)δ(σ) ≡ F n(u)ǫn(r)µ;n(s)ν (σ)Gn(u)ǫ;n(t)δ(σ) = −Fn(r)µ;n(t)δ;n(s)ν(σ) (2.27c)
F n(t)δn(r)µ;n(s)ν (σ) (1− En(r)(σ)En(s)(σ)En(t)(σ)∗) = 0 (2.27d)
F n(t)δn(r)µ;n(s)ν (σ) = δn(r)+n(s)−n(t),0 mod ρ(σ)F n(r)+n(s),δn(r)µ,n(s)ν (σ) (2.27e)
F n(r)+n(s),δn(r)µ,n(s)ν (σ) = 0 unless n(r) + n(s) ∈ {n(r)} . (2.27f)
The relation (2.27b) is the Jacobi identity of the twisted structure constants, and the twisted
structure constants in (2.27c) with all indices down are totally antisymmetric. The F -
selection rule (2.27d) (and its solution in (2.27e,f)) is the dual in sector σ of the H-invariance
(2.6c) of the untwisted structure constants.
The H-invariance conditions (2.6c) also implyg that the twisted metric and twisted struc-
ture constants are class functions19 under conjugation in H
ω(hσ)→ v†(σ)ω(hσ)v(σ), v(σ)v†(σ) = 1, v(σ) ∈ H (2.28a)
U(σ)→ U(σ)v(σ), U †(σ)→ v†(σ)U †(σ), (2.28b)
G(U(σ)v(σ); σ) = G(U(σ); σ), F(U(σ)v(σ); σ) = F(U(σ); σ) (2.28c)
where the H-eigenvalue problem (2.11) was used to obtain the change of U(σ), U †(σ) under
conjugation.
A more informative presentation of the twisted current system (2.22) is
Jˆn(r)µ(z)Jˆn(s)ν(w) =
δn(r)+n(s),0 mod ρ(σ)Gn(r)µ;−n(r),ν(σ)
(z − w)2
eTo prove the selection rule (2.26b), use (2.6c) to replace G by ω2G in the orbifold duality transformation
(2.22d), followed by the appropriate form of the H-eigenvalue problem in (2.11). All the selection rules below
follow similarly from the orbifold duality transformations, the H-eigenvalue problem and the corresponding
H-invariances of the untwisted tensors.
fWhen H is a direct product group, further Kronecker factors can occur in the reduced twisted tensor
Gn(r)µ;−n(r),ν(σ). Similarly, further Kronecker factors can occur in the reduced forms of each twisted tensor
below.
gTo prove that G is a class function, use the duality transformation (2.22d), the change of U in (2.28b) and
the H-invariance of G in (2.6c). With the relevant duality transformation and H-invariance, each twisted
tensor introduced below is similarly proved to be a class function.
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+
iF n(r)+n(s),δn(r)µ;n(s)ν (σ)Jˆn(r)+n(s),δ(w)
z − w +O((z−w)
0) (2.29a)
Jˆn(r)µ(ze
2πi) = e−
2piin(r)
ρ(σ) Jˆn(r)µ(z), σ = 0, ..., Nc − 1 (2.29b)
where the F term is summed only on the repeated degeneracy index δ. In this form, we
have incorporated the solutions of the G- and F -selection rules to exhibit the grading of
the orbifold system. Looking back, one sees that this grading is a consequence of the H-
covariance of the untwisted affine algebra g.
2.5 The general orbifold affine-Virasoro construction
The stress tensor Tˆσ of sector σ of A(H)/H follows by first rewriting the stress tensor T
of the untwisted sector in terms of the eigencurrents and then using the OPE isomorphism
(2.21a) to obtainh the derived OPE isomorphism19
T (z)−→σ Tˆσ(z) . (2.30)
The result is the general orbifold affine-Virasoro construction19
Tˆσ(z)Tˆσ(w) =
cˆ(σ)/2
(z − w)4 + (
2
(z − w)2 +
∂w
z − w )Tˆσ(w) +O((z − w)
0) (2.31a)
Tˆσ(z) = Ln(r)µ;n(s)ν(σ) : Jˆn(r)µ(z)Jˆn(s)ν(z) :, cˆ(σ) = c = 2GabLab (2.31b)
Ln(r)µ;n(s)ν(σ) = χ(σ)−1
n(r)µχ(σ)
−1
n(s)νL
abU †(σ) n(r)µa U
†(σ)
n(s)ν
b (2.31c)
Ln(r)µ;n(s)ν(σ) = Ln(s)ν;n(r)µ(σ) (2.31d)
which reduces in the untwisted sector of each orbifold to the general H-invariant affine-
Virasoro construction Tˆσ=0 = T in (2.7a). Here (2.31c) is the orbifold duality transformation
L−→σ L(L; σ) (2.32)
from the H-invariant inverse inertia tensor L(0) = L of the untwisted sector to the twisted
inverse inertia tensor L(σ) of sector σ.
The symbol : (·) : in (2.31b) denotes the orbifold extension of OPE normal ordering35,22,19
: Jˆn(r)µ(z)Jˆn(s)ν(w) : ≡ Jˆn(r)µ(z)Jˆn(s)ν(w)−
Gn(r)µ;n(s)ν(σ)
(z − w)2 −
iF n(t)δn(r)µ;n(s)ν (σ)Jˆn(t)δ(w)
z − w
(2.33a)
: Jˆn(r)µ(w)Jˆn(s)ν(w) : =
∮
w
dz
2πi
Jˆn(r)µ(z)Jˆn(s)ν(w)
z − w (2.33b)
hSchematically, T = L : JJ := L : JJ : −→σ Tˆσ = L : Jˆ Jˆ :.
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where the contour in (2.33b) does not encircle the origin. We emphasize that the simplicity
of the result (2.31b) would be compromised should other ordering prescriptions be employed
(see Eqs. (3.11) and (H.2b)). Following the usage in Refs. 22, 19, and 21, we will refer to
the prescription (2.33) as OPE normal ordering.i
The general orbifold affine-Virasoro construction (2.31) is the center of the orbifold pro-
gram. Although the OPE isomorphisms (2.21) and (2.30) gave a simple derivation of this
result, the Virasoro property (2.31a) of Tˆσ was checked against the earlier general Vira-
soro construction22 for cyclic permutation orbifolds. The Virasoro property (2.31a) was also
checked by direct OPE computation in Ref. 19 (see also Sec. 5 and App. E). Because of the
OPE normal ordering, one finds that every step of this computation follows by the duality
algorithm19
a−→σ n(r)µ, G−→σ G, f −→σ F , L−→σ L (2.34)
from the corresponding step in the direct OPE verification of the Virasoro property of the
general affine-Virasoro construction T in (2.3b). The final result of this computation is that
the twisted inverse inertia tensor L(σ) must satisfy the general orbifold Virasoro master
equation19
Ln(r)µ;n(s)ν(σ) = 2Ln(r)µ;n(r′)µ′(σ)Gn(r′)µ′;n(s′)ν′(σ)Ln(s′)ν′;n(s)ν(σ) (2.35)
−Ln(r′)µ′;n(s′)ν′(σ)Ln(t)δ;n(t′)δ′(σ)F n(r)µn(r′)µ′;n(t)δ (σ)F n(s)νn(s′)ν′;n(t′)δ′ (σ)
−Ln(r′)µ′;n(s′)ν′(σ)F n(t′)δ′n(r′)µ′;n(t)δ (σ)F (n(r)µn(s′)ν′;n(t′)δ′ (σ)Ln(s)ν);n(t)δ(σ)
which can indeed be obtained by the duality algorithm (2.34) from the Virasoro master equa-
tion in (2.3c). Moreover, the general orbifold Virasoro master equation (2.35) is dual (by the
orbifold duality transformation (2.31c)) to the Virasoro master equation. A final connection
is that (2.35) reduces to the Virasoro master equation (2.3c) when the automorphism group
H is trivial. The result (2.35) generalizes the earlier orbifold Virasoro master equation22 for
cyclic permutation orbifolds.
The twisted inverse inertia tensors L(σ) of the various sectors of each orbifold are related
by the orbifold duality transformation (2.31c) and its inverse L(L) according to
Ln(r)′µ′;n(s)′ν′(σ′)
=
χ(σ)n(r)µ
χ(σ′)n(r)′µ′
χ(σ)n(s)ν
χ(σ′)n(r)′µ′
Ln(r)µ;n(s)ν(σ)(U(σ)U †(σ′)) n(r)′µ′n(r)µ (U(σ)U †(σ′)) n(s)
′ν′
n(s)ν . (2.36)
Similar relations are easily found among the sectors σ of the twisted tensors G(σ), F(σ)
introduced above, as well as among the sectors of the other twisted tensors introduced
below.
iThe OPE normal ordering in (2.33) is the natural finite part of the orbifold operator product, but, except
in the untwisted sectors,35 this ordering is generally not a true normal ordering (with zero vev). Indeed, this
fact accounts for the non-zero ground state conformal weights of most orbifold sectors.
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The twisted inverse inertia tensors L(σ) also satisfy19
Ln(r)µ;n(s)ν(σ) (1− En(r)(σ)En(s)(σ)) = 0 (2.37a)
Ln(r)µ;n(s)ν(σ) = δn(r)+n(s),0 mod ρ(σ)Ln(r)µ;−n(r),ν(σ) (2.37b)
where the L-selection rule in (2.37a) is the dual in sector σ of the H-invariance (2.7a) of the
inverse inertia tensor L in the untwisted sector. Another consequence of the H-invariance
(2.7a) is that each L(σ) is a class function19
L(U(σ)v(σ); σ) = L(U(σ); σ) (2.38)
under the H-conjugation in (2.28).
Incorporation of the L-selection rule (2.37) gives a more informative presentation of the
general orbifold affine-Virasoro construction
Tˆσ(z) = Ln(r)µ;−n(r),ν(σ) : Jˆn(r)µ(z)Jˆ−n(r),ν(z) :, Tˆσ(ze2πi) = Tˆσ(z) (2.39a)
cˆ(σ) = 2Gn(r)µ;−n(r),ν(σ)Ln(r)µ;−n(r),ν(σ) = 2GabLab = c, σ = 0, ..., Nc − 1 (2.39b)
which shows that the orbifold stress tensors have trivial monodromy. Moreover, the L-
selection rule (2.37) is consistent with the general orbifold Virasoro master equation (2.35),
and the two can be combined to obtain a reduced master equation for Ln(r)µ;−n(r),ν(σ).
Looking back, one sees that this consistency is a consequence of the underlying H-symmetry
of the CFT A(H).
2.6 The cyclic permutation orbifolds A(Zλ)/Zλ
As an example, we recall the seminal case19 of the general cyclic permutation orbifold
A(Zλ)/Zλ,
a→ aI, Lab → LaI,bJ = LabI−J , I = 0, ..., λ− 1 (2.40a)
n(r), µ→ r, aj, Jˆn(r)µ → Jˆ (r)aj , χ(σ)n(r)µ → χ(σ)raj =
√
ρ(σ) (2.40b)
Graj;sbl(σ) = ρ(σ)kηabδjlδr+s,0 mod ρ(σ), F tcmraj;sbl (σ) = f cab δjlδ ml δr+s−t,0 mod ρ(σ) (2.40c)
Jˆ
(r)
aj (z)Jˆ
(s)
bl (w)=δjl{
ρ(σ)kηabδr+s,0 mod ρ(σ)
(z − w)2 +
if cab Jˆ
(r+s)
cj (w)
(z − w) }+O((z − w)
0) (2.40d)
Jˆ
(r)
aj (ze
2πi) = e
− 2piir
ρ(σ) Jˆ
(r)
aj (z), Jˆ
(r±ρ(σ))
aj (z) = Jˆ
(r)
aj (z) (2.40e)
Tˆσ(z) =
ρ(σ)−1∑
r=0
λ
ρ(σ)
−1∑
j,l=0
Lraj;−r,bl(σ) : Jˆ (r)aj (z)Jˆ (−r)bl (z) : (2.40f)
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Lraj;−r,bl(σ) = 1
ρ(σ)
ρ(σ)−1∑
s=0
e−
2piiN(σ)rs
ρ(σ) Labλ
ρ(σ)
s+j−l
(2.40g)
∆ˆ0(σ) =
λkηab
4ρ2(σ)
{ρ
2(σ)− 1
3
Lab0 −
ρ(σ)−1∑
r=1
csc2(
πN(σ)r
ρ(σ)
)Labλ
ρ(σ)
r
} (2.40h)
a, b = 1, ..., dimg, r¯, s¯ = 0, ..., ρ(σ)− 1, j, l = 0, ..., λ
ρ(σ)
− 1, σ = 0, ..., λ− 1
(2.40i)
whose relation to the orbifold Virasoro master equation22 provided a nontrivial check of the
orbifold program.
The special case (2.40) follows from the discussion above and the Zλ-eigendata in (2.18).
In this case the twisted current system (2.40d,e) describes a sector-dependent set of semisim-
ple orbifold affine algebras.15 The orbifold duality transformation L(L; σ) in (2.40g) is a set
of discrete Fourier transforms of L, with spectral index periodicity r → r+ ρ(σ), where L is
the inverse inertia tensor of any Zλ(permutation)-invariant CFT A(Zλ). The twisted inverse
inertia tensors Lraj;−r,bl(σ) were called La(j)b(l)r (σ) in Ref. 19 and the result in (2.40h) is the
ground state conformal weight of sector σ.
The orbifold duality transformations for G and F in (2.40c) can also be written as discrete
Fourier transforms and, indeed, because of the periodicity of the eigenvectors of each H-
eigenvalue problem, all the orbifold duality transformations of this paper
G(G; σ), F(f ; σ), L(L; σ), ... (2.41)
are discrete Fourier transforms with period ρ(σ) in the spectral indices {n(r)}.
3 The Mode Formulation of Orbifold Theory
As an application of the local formulation above, we turn now to the mode formulation of
the general current-algebraic orbifold.
3.1 The general twisted current algebra
The first step in the mode formulation is to find the twisted current algebra of each sector
of each orbifold A(H)/H , beginning with the general twisted current system (2.29).
The mode expansion of the twisted currents
Jˆn(r)µ(z) =
∑
m∈Z
Jˆn(r)µ(m+
n(r)
ρ(σ) )z
−(m+
n(r)
ρ(σ)
)−1 (3.1a)
Jˆn(r)µ(z) = Jˆn(r)±ρ(σ),µ(z) =
∑
m∈Z
Jˆn(r)±ρ(σ),µ(m+
n(r)±ρ(σ)
ρ(σ) )z
−(m+n(r)±ρ(σ)
ρ(σ)
)−1 (3.1b)
13
follows from the monodromies (2.29b) and the periodicity (2.22c). From (3.1b) we find the
periodicity of the modes
Jˆn(r)±ρ(σ),µ(m∓ 1 + n(r)±ρ(σ)ρ(σ) ) = Jˆn(r)±ρ(σ),µ(m+ n(r)ρ(σ) ) = Jˆn(r)µ(m+ n(r)ρ(σ) ) (3.2a)
Jˆ−n(r),µ(m− n(r)ρ(σ) ) = Jˆρ(σ)−n(r),µ(m− 1 + ρ(σ)−n(r)ρ(σ) ) (3.2b)
Jˆn(r)±ρ(σ),µ(m+
n(r)±ρ(σ)
ρ(σ) ) 6= Jˆn(r)µ(m+ n(r)ρ(σ) ) (3.2c)
which includes and generalizes the mode periodicity of orbifold affine algebra.15,22,19 Note
that the modes do not satisfy the naive periodicity (3.2c).
We introduce next the operators
ˆˆ
J with trivial monodromy
ˆˆ
Jn(r)µ(z) ≡ z
n(r)
ρ(σ) Jˆn(r)µ(z) (3.3a)
ˆˆ
J n(r)µ(z)
ˆˆ
J n(s)ν(w) = δn(r)+n(s),0 mod ρ(σ)ω
n(r)+n(s)
ρ(σ) (
1
(z − w)2 +
n(r)/ρ(σ)
w(z − w) )Gn(r)µ;−n(r),ν(σ)
+
iF n(r)+n(s),δn(r)µ;n(s)ν (σ) ˆˆJn(r)+n(s),δ(w)
z − w +O((z−w)
0). (3.3b)
The Kronecker delta in the first term of (3.3b) guarantees that these OPE’s are free of branch
cuts, which is a necessary condition for the monodromies (2.29b) to be consistent with the
OPE’s (2.29a).
Then standard analysis of the OPE’s (3.3b) gives the general twisted current algebra
gˆ(σ) ≡ gˆ(H ⊂ Aut(g); σ)
[Jˆn(r)µ(m+
n(r)
ρ(σ)), Jˆn(s)ν(n +
n(s)
ρ(σ))] = iF n(r)+n(s),δn(r)µ;n(s)ν (σ)Jˆn(r)+n(s),δ(m+ n+ n(r)+n(s)ρ(σ) )
+ (m+ n(r)ρ(σ))δm+n+n(r)+n(s)
ρ(σ)
,0
Gn(r)µ;−n(r),ν(σ) (3.4a)
m,n ∈ Z, σ = 0, ..., Nc − 1 (3.4b)
in sector σ of each orbifold A(H)/H . Here Nc is the number of conjugacy classes of H , and
the duality transformations for G and F are given in Eq. (2.22). To obtain (3.4) we have
used the identity
δn(r)+n(s),0 mod ρ(σ)δm+n+n(r)+n(s)
ρ(σ)
,0
= δ
m+n+
n(r)+n(s)
ρ(σ)
,0
(3.5)
to simplify the G term.
The general twisted current algebra (3.4) shows a natural grading across all orbifolds.
The general twisted current algebra also satisfies the Jacobi identity (see App. A), which is
the ultimate check of the consistency of the principle (2.21).
Looking back, one sees that the grading and the consistency of the general twisted current
algebra are consequences of the H-covariance of the underlying affine algebra (2.1b) on g.
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The general twisted current algebra is also consistent with the mode periodicity relations
(3.2) and, in the untwisted sector σ = 0, the general twisted current algebra reduces to the
H-covariant affine algebra on g.
Another feature of the general twisted current algebra is the integral affine subalgebra
gˆ
(0)(σ) ⊂ gˆ(σ) : [Jˆ0µ(m), Jˆ0ν(n)] = iF 0δ0µ;0ν (σ)Jˆ0δ(m+ n) +mδm+n,0 G0µ;0ν(σ) (3.6)
which is an untwisted affine Lie algebra generated by the set of currents in twist class
n¯(r) = 0. The integral affine subalgebra gˆ(0)(σ) is non-trivial for all known non-abelian gˆ(σ).
As an example of gˆ(σ), we mention the semisimple orbifold affine algebra at orbifold
affine level kˆ(σ) = ρ(σ)k
gˆ(σ) = gˆ(Zλ(permutation) ⊂ Aut(g); σ), g = ⊕λ−1I=0gI , gI ∼= g (3.7a)
[Jˆ
(r)
aj (m+
r
ρ(σ) ), Jˆ
(s)
bl (n+
s
ρ(σ) )] = δjl{if cab Jˆ (r+s)cj (m+n+ r+sρ(σ) )+(m+ rρ(σ))δm+n+ r+sρ(σ) ,0 ρ(σ)kηab}
(3.7b)
Jˆ
(r±ρ(σ))
aj (m+
r
ρ(σ) ) = Jˆ
(r)
aj (m+
r
ρ(σ) ) (3.7c)
a, b = 1, ..., dimg, r¯, s¯ = 0, ..., ρ(σ)− 1, j, l = 0, ..., λ
ρ(σ)
− 1, σ = 0, ..., λ− 1
(3.7d)
which holdsj in sector σ of each cyclic permutation orbifold A(Zλ)/Zλ. Using the data
(2.40b,c,i), the form (3.7) follows from the general twisted current algebra (3.4). The algebra
is also equivalent to the twisted current system in (2.40).
Here is a summary of what is known about (the H-eigenvalue problem and) the twisted
current algebra gˆ(H ⊂ Aut(g); σ) :
• H is any subgroup of SN (permutation) → sets of commuting orbifold affine
algebras15−17,22,19−21 at various levels.
• H is a group of inner or outer automorphisms of simple g → inner-automorphically
twisted40,41,30,42,18 and outer-automorphically twisted43,41,18 affine Lie algebras.
• H is a group of inner automorphisms of each copy gI ∼= g times a permutation group
which acts among the copies → doubly-twisted affine algebras.22,19,21
The results19 for H = Zλ(permutation) are collected in Eqs. (2.18), (2.40) and (3.7). The
case H = SN (permutation) is discussed in detail in Sec. 8 and the case of the general group
H = H(d) of inner automorphisms of simple g is discussed in Sec. 9. The setups for the
case H = Dλ(permutation) and the outer automorphism groups of simple g are included in
Apps. J and K respectively.
There are many other cases for which the twisted current algebras have not yet been
worked out (e.g. H is a group of outer automorphisms of each copy gI ∼= g times a permu-
tation group which acts among the copies). Another basis for the general twisted current
algebra gˆ(σ) is given in App. C.
jFor prime λ one has ρ(σ) = λ and j = 0 for all λ− 1 twisted sectors, so each twisted sector has only the
simple orbifold affine algebra at level kˆ = λk. This was first seen15 in the characters of cyclic copy orbifolds.
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3.2 Operator products and mode ordering
In addition to OPE normal ordering (2.33), it is convenient to introduce a mode orderingk
: Jˆn(r)µ(m+
n(r)
ρ(σ) )Jˆn(s)ν(n+
n(s)
ρ(σ) ) :M ≡ θ(m+ n(r)ρ(σ) ≥ 0) Jˆn(s)ν(n + n(s)ρ(σ) )Jˆn(r)µ(m+ n(r)ρ(σ))
+ θ(m+ n(r)ρ(σ) < 0) Jˆn(r)µ(m+
n(r)
ρ(σ) )Jˆn(s)ν(n +
n(s)
ρ(σ) ) (3.8)
denoted by the subscript M . Then one may use (3.1a), (3.4) and (3.8) to compute the exact
operator product of the twisted currents
Jˆn(r)µ(z)Jˆn(s)ν(w) = (
w
z
)
n¯(r)
ρ(σ){[ 1
(z − w)2 +
n¯(r)/ρ(σ)
w(z − w) ]Gn(r)µ;n(s)ν(σ)
+
iF n(r)+n(s),δn(r)µ;n(s)ν (σ)Jˆn(r)+n(s),δ(w)
z − w }+ : Jˆn(r)µ(z)Jˆn(s)ν(w) :M (3.9)
where n¯(r) is the twist class of Jˆn(r)µ (see Eq. (2.16)). The partial conversion n(r) → n¯(r)
seen here is detailed in App. D, and it is easily checked that the result (3.9) is consistent with
the OPE’s (2.29). We also note that every term in (3.9) is periodic under n(r)→ n(r)+ρ(σ),
n¯(r)→ n¯(r).
Comparing (3.9) with (2.33), we may express the OPE normal ordered product
: Jˆn(r)µ(z)Jˆn(s)ν(z) : = : Jˆn(r)µ(z)Jˆn(s)ν(z) :M − in¯(r)
zρ(σ)
F n(r)+n(s),δn(r)µ;n(s)ν (σ)Jˆn(r)+n(s),δ(z)
+
1
z2
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)Gn(r)µ;n(s)ν(σ) (3.10)
in terms of an M ordered product.
With the relation (3.10), the general orbifold stress tensor (2.39a) can be expressed in
terms of an M ordered product as
Tˆσ(z) =
∑
r,µ,ν
Ln(r)µ;−n(r),ν(σ){: Jˆn(r)µ(z)Jˆ−n(r),ν(z) :M −in¯(r)
ρ(σ)
F 0δn(r)µ;−n(r),ν (σ)
Jˆ0δ(z)
z
+
1
z2
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)Gn(r)µ;−n(r),ν(σ)} . (3.11)
In this form, we note the presence of the Freericks-Halpern30 term Jˆ0δ(z)/z, where Jˆ0δ are
the generators of the integral affine subalgebra.
kMany mode orderings are possible, the most effective ordering being the one that is closest to “normal”
(zero vev), given the mode characterization of the ground state of a given sector. The M -ordering in (3.8)
is a normal ordering for the orbifold affine algebras of the general permutation orbifold (see Secs. 7 and 8).
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3.3 The Virasoro generators of sector σ
The OPE normal ordered product of the twisted current modes can also be expressed in
terms of M ordering
: Jˆn(r)µ(m+
n(r)
ρ(σ) )Jˆn(s)ν(n +
n(s)
ρ(σ)) : = : Jˆn(r)µ(m+
n(r)
ρ(σ) )Jˆn(s)ν(n +
n(s)
ρ(σ) ) :M
−i n¯(r)
ρ(σ)
F n(r)+n(s),δn(r)µ;n(s)ν (σ)Jˆn(r)+n(s),δ(m+n+ n(r)+n(s)ρ(σ) )
+
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)δ
m+n+n(r)+n(s)
ρ(σ)
,0
Gn(r)µ;−n(r),ν(σ) . (3.12)
Then (using the mode expansion (3.1a) of the twisted currents) the general orbifold stress
tensor in (2.39) or (3.11) gives the orbifold Virasoro generators
Tˆσ(z) =
∑
m∈Z
Lσ(m)z
−m−2, σ = 0, ..., Nc − 1 (3.13a)
Lσ(m) =
∑
r,µ,ν
Ln(r)µ;−n(r),ν(σ)
∑
p∈Z
: Jˆn(r)µ(p+
n(r)
ρ(σ))Jˆ−n(r),ν(m− p− n(r)ρ(σ) ) : (3.13b)
=
∑
r,µ,ν
Ln(r)µ;−n(r),ν(σ) {
∑
p∈Z
: Jˆn(r)µ(p+
n(r)
ρ(σ) )Jˆ−n(r),ν(m− p− n(r)ρ(σ) ) :M
−i n¯(r)
ρ(σ)
F 0δn(r)µ;−n(r),ν (σ)Jˆ0δ(m)
+δm,0
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)Gn(r)µ;−n(r),ν(σ)} (3.13c)
for all sectors σ of each orbifold A(H)/H . This result is the mode form of the general orbifold
affine-Virasoro construction. For the untwisted sector σ = 0, the general construction (3.13)
reduces to the mode formulation of the general H-invariant affine-Virasoro construction23 in
(2.7a).
The simplest example of this result is the orbifold U(1)/Z2:
J(z)J(w) =
1
(z − w)2 +O((z − w)
0), T (z) =
1
2
: J2(z) : (3.14a)
σ = 1 : J(z)′ = −J(w), ρ(1) = 2, U(1) = χ(1) = 1 (3.14b)
Jˆ(z)Jˆ(w) =
1
(z − w)2 +O((z − w)
0), Jˆ(ze2πi) = −Jˆ(z) (3.14c)
Jˆ(z) =
∑
m∈Z
Jˆ(m+ 12)z
−(m+ 1
2
)−1, [Jˆ(m+ 12), Jˆ(n+
1
2)] = (m+
1
2) δm+n+1,0 (3.14d)
Lσ=1(m) =
1
2
∑
p∈Z
: Jˆ(p + 12)Jˆ(m− p− 12) :M +δm,0
1
16
(3.14e)
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Jˆ((m+ 12 ) ≥ 0)|0〉 = (Lσ=1(m ≥ 0)− δm,0
1
16
)|0〉 = 0 . (3.14f)
Here Jˆ ≡ Jˆn(r)=1 = Jˆn(r)=−1 = i∂Xˆ is the current of the standard 12-integrally moded scalar
field Xˆ. This twisted field was invented1 by Halpern and Thorn, who used it to construct
the first twisted sector of an orbifold.
For the seminal non-abelian example,19 the Virasoro generators of the permutation orb-
ifolds A(Zλ)/Zλ
Lσ(m) =
ρ(σ)−1∑
r=0
[
λ
ρ(σ)
−1∑
j,l=0
Lraj;−r,bl(σ)
∑
p∈Z
: Jˆ
(r)
aj (p+
r
ρ(σ) )Jˆ
(−r)
bl (m− p− rρ(σ) ) :M
+
λ
ρ(σ)
−1∑
j=0
Lraj;−r,bj(σ){ −ir
ρ(σ)
f cab Jˆ
(0)
cj (m) + δm,0
r
2ρ(σ)
(1− r
ρ(σ)
)kρ(σ)ηab}] (3.15)
follow from (2.40) and (3.13).
4 The Orbifold Adjoint Operation
4.1 The orbifold conjugation matrix
To study the adjoint operation in the twisted sectors, we first introduce the orbifold conju-
gation matrix R,
ρ −→σ R(ρ; σ) (4.1a)
R n(s)νn(r)µ (σ) ≡ χ(σ)n(r)µ∗χ(σ)−1n(s)νU(σ) a ∗n(r)µ ρ ba U †(σ) n(s)νb (4.1b)
R(σ)∗R(σ) = R(σ)R(σ)∗ = 1 (4.1c)
R n(s)νn(r)µ (σ) (1−En(r)(σ)En(s)(σ)) = 0 (4.1d)
R n(s)νn(r)µ (σ) = δn(r)+n(s),0 mod ρ(σ)R −n(r),νn(r)µ (σ) (4.1e)
which is the dual in sector σ (see the following subsection) of the conjugation matrix ρ in
Eq. (2.2). Eq. (4.1a) and its realization in (4.1b) is another orbifold duality transformation
on the same footing as the earlier ones for G,F and L. From Eq. (4.1b) and the H-eigenvalue
problem (2.11), one sees that the R-selection rule in (4.1d) (and its solution in (4.1e)) is
the dual in sector σ of the H-covariance (2.6d) of the conjugation matrix ρ. The orbifold
conjugation matrix R also controls the complex conjugation of the other twisted tensorsl
Gn(r)µ;n(s)ν(σ)∗ = R n(t)µ
′
n(r)µ (σ) R n(u)ν
′
n(s)ν (σ) Gn(t)µ′;n(u)ν′(σ) (4.2a)
lTo prove (4.2c), for example, use the duality transformation L(L) in (2.31c) and the L∗ relation in (2.5),
followed by the inverse L(L) of the duality transformation.
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F n(t)δn(r)µ;n(s)ν (σ)∗ = R n(u)µ
′
n(r)µ (σ) R n(v)ν
′
n(s)ν (σ) F n(w)δ
′
n(u)µ′;n(v)ν′ (σ) R n(t)δn(w)δ′ (σ)∗
(4.2b)
Ln(r)µ;n(s)ν(σ)∗ = Ln(t)µ′;n(u)ν′(σ) R n(r)µn(t)µ′ (σ)∗ R n(s)νn(u)ν′ (σ)∗ (4.2c)
in each sector σ of each orbifold A(H)/H . These results are dual to Eqs. (2.2b) and (2.5),
so that, in particular, the relation (4.2c) holds when the CFT A(H) is unitary.
Another consequence of the H-covariance of ρ in (2.6d) is that each R(σ) is a class
function
R(U(σ)v(σ); σ) = R(U(σ); σ) (4.3)
under the H-conjugation in (2.28).
4.2 The adjoint of the twisted currents
We can now give the adjoint of the twisted currents of sector σ
Jˆn(r)µ(m+
n(r)
ρ(σ) )
† =
∑
ν
R −n(r),νn(r)µ (σ)Jˆ−n(r),ν(−m− n(r)ρ(σ) ) (4.4a)
Jˆn(r)µ(m+
n(r)
ρ(σ) )
†† = Jˆn(r)µ(m+
n(r)
ρ(σ) ) (4.4b)
where R(σ) is the orbifold conjugation matrix defined above. The orbifold adjoint operation
(4.4a) is the dualm in sector σ of the adjoint operation (2.2a) on the untwisted currents. The
consistency relation (4.4b) is easily checked with Eqs. (4.4a) and (A.3).
The orbifold adjoint operation (4.4a) defines a real form of the general twisted current
algebra gˆ(σ) in (3.4) because the adjoint of the algebra
[Jˆn(r)µ(m+
n(r)
ρ(σ) )
†, Jˆn(s)ν(n+
n(s)
ρ(σ) )
†] = −(m+ n(r)ρ(σ))Gn(r)µ;−n(r),ν(σ)∗δm+n+n(r)+n(s)
ρ(σ)
,0
+ iF n(r)+n(s),δn(r)µ;n(s)ν (σ)∗Jˆn(r)+n(s),δ(m+ n + n(r)+n(s)ρ(σ) )† (4.5)
is consistent with gˆ(σ). To verify this statement, use (A.4a) and (A.4b).
In the case19 of the permutation orbifolds A(Zλ)/Zλ, the twisted current algebra is the
semisimple orbifold affine algebra (3.7) and we obtain the orbifold adjoint operation
ρ ba → ρ bJaI = ρ ba δ JI , I, J = 0, ..., λ− 1 (4.6a)
R(σ)→R sblraj (σ) = ρ ba δ lj δr+s,0 mod ρ(σ), Jˆ (r)aj (m+ rρ(σ) )† = ρ ba Jˆ (−r)bj (−m− rρ(σ)) (4.6b)
from (2.18), (2.40) and (4.4a). This adjoint operation is in agreement with the standard
adjoint operation for orbifold affine algebra15,19 and it is known15 that this adjoint operation
mThe local form Jˆ(z)† = RJˆ(z−1 ∗)z−2 ∗ of the adjoint operation (4.4a), including the form (4.1b) of R,
follows by duality transformation from the local form J(z)† = ρJ(z−1 ∗)z−2 ∗ of the adjoint operation (2.2)
in the untwisted sector.
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guarantees unitarity of the twisted affine Hilbert space when the untwisted affine Hilbert
space is unitary.
More generally, as we will note in Secs. 7, 8 and 9, the orbifold adjoint operation defines
a unitary twisted affine Hilbert space for each sector of the orbifoldsn
• A(H)/H , where H is any subgroup of SN(permutation)
• A(H(d))/H(d), where H(d) is any group of inner automorphisms of simple g
• A(H)/H , where H is a product of any subgroup of SN(permutation) times a group of
inner automorphisms
when the untwisted affine Hilbert space is unitary. On the basis of this evidence, we con-
jecture that the orbifold adjoint operation implies unitarity of all the twisted affine Hilbert
spaces of A(H)/H , given the unitarity of the untwisted affine Hilbert space.
4.3 The adjoint of the orbifold Virasoro generators
The adjoint (4.4a) of the twisted currents gives the desired adjoint operation on the Virasoro
generators
Lσ(m)
† = Lσ(−m) (4.7)
in every sector σ of each orbifold A(H)/H . To see this, apply the orbifold adjoint operation
(4.4a) to the mode form (3.13c) of the Virasoro generators and use the L∗ relation (A.4c).
In further detail, one finds that the (Jˆ)2, (Jˆ)1 and (Jˆ)0 terms in (3.13c) satisfy the adjoint
relation (4.7) separately.
It follows that all the twisted sectors of the orbifolds bulleted in Subsec. 4.2 are unitary
when the CFT’s A(H) are unitary,o and similarly for all A(H)/H if our conjecture in that
subsection can be proven.
5 The Tˆ Jˆ OPE’s of A(H)/H
The OPE isomorphisms also allow us to compute the Tˆσ Jˆ(σ) OPE’s of orbifold theory.
To begin this discussion, we remind the reader of the TJ OPE of the general affine-
Virasoro construction26,44,45,23,25
T (z)Ja(w) =M(L)
b
a (
1
(z − w)2+
∂w
z − w )Jb(w)+
N(L) bca : Jb(w)Jc(w) :
z − w +O((z−w)
0) (5.1a)
[L(m), Ja(n)] = −nM(L) ba Jb(m+ n) +N(L) bca
∑
p∈Z
: Jb(p)Jc(m+ n− p) : (5.1b)
M(L) ba = 2GacL
cb + f ead L
dcf bce , N(L)
bc
a = −if (bad Lc)d (5.1c)
nIn all these cases, unitarity of the twisted affine Hilbert spaces follows easily from known orbifold induc-
tion procedures.40,41,30,42,15,22
oThis result was established for the permutation orbifolds A(Zλ)/Zλ in Ref. 19.
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M(L)ab =M(L)
c
a Gcd = M(L)ba, N(L)
bc
a = N(L)
cb
a (5.1d)
M(L)∗ = ρM(L)ρ∗ = M(L)†, N(L) bc ∗a = −ρ da N(L) efd ρ b ∗c ρ c ∗f . (5.1e)
In the special case of the H-invariant CFT’s A(H), one finds that the H-invariances of the
tensors M(L) and N(L)
[ω,M(L)] = 0, ω da N(L)
ef
d (ω
†) be (ω
†) cf = N(L)
bc
a , ∀ ω ∈ H ⊂ Aut(g) (5.2)
follow from (5.1c), (2.6c) and (2.7a).
For the general orbifold A(H)/H , the OPE isomorphisms for Jˆ(σ) and Tˆσ in (2.21a) and
(2.30) combine to give the derived OPE isomorphism
T (z)Jn(r)µ(w) −→σ Tˆσ(z)Jˆn(r)µ(w) (5.3)
and this isomorphism gives the general Tˆσ Jˆ(σ) OPE in sector σ of A(H)/H
Tˆσ(z)Jˆn(r)µ(w) = M n(s)νn(r)µ (σ)[
1
(z − w)2 +
∂w
(z − w)]Jˆn(s)ν(w) (5.4a)
+
N n(s)ν;n(t)δn(r)µ (σ) : Jˆn(s)ν(w)Jˆn(t)δ(w) :
z − w + O((z − w)
0)
M n(s)νn(r)µ (σ) = χ(σ)n(r)µχ(σ)−1n(s)νU(σ) an(r)µ M(L) ba U †(σ) n(s)νb (5.4b)
N n(s)ν;n(t)δn(r)µ (σ) =
χ(σ)n(r)µ
χ(σ)n(s)νχ(σ)n(t)δ
U(σ) an(r)µ N(L)
bc
a U
†(σ)
n(s)ν
b U
†(σ) n(t)δc . (5.4c)
The twisted tensors M(σ) and N (σ) in (5.4b,c) are the dual in sector σ of the untwisted
tensors M(L) and N(L)
M(L)−→σ M(M(L); σ), N(L)−→σ N (N(L); σ) (5.5)
and the same result (5.4) can be obtained by direct OPE calculation (see App. E) in the
twisted sectors of the orbifolds. The orbifold duality transformations (5.5) (and their real-
ization in (5.4b,c)) are on the same footing as the earlier ones for G,F ,L and R.
One also finds the M- and N -selection rules and their solutions
M n(s)νn(r)µ (σ)(1−En(r)(σ)En(s)(σ)∗) = 0 (5.6a)
M n(s)νn(r)µ (σ) = δn(r)−n(s),0 mod ρ(σ)M n(r)νn(r)µ (σ) (5.6b)
N n(s)ν;n(t)δn(r)µ (σ)(1− En(r)(σ)En(s)(σ)∗En(t)(σ)∗) = 0 (5.6c)
N n(s)ν;n(t)δn(r)µ (σ) = δn(r)−n(s)−n(t),0 mod ρ(σ)N n(s)ν;n(r)−n(s),δn(r)µ (σ) (5.6d)
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N n(s)ν;n(r)−n(s),δn(r)µ (σ) = 0 unless n(r)− n(s) ∈ {n(r)} (5.6e)
which are the dual in sector σ of the H-invariances (5.2) ofM(L) and N(L) in the untwisted
sector.
Another consequence of the H-invariances in (5.2) is that the twisted tensors M(σ) and
N (σ) are class functions
M(U(σ)v(σ); σ) =M(U(σ); σ), N (U(σ)v(σ); σ) = N (U(σ); σ) (5.7)
under the H-conjugation in (2.28).
Using theM- and N -selection rules in (5.6), one obtains the Tˆσ Jˆ(σ) OPE’s in the more
informative presentation
Tˆσ(z)Jˆn(r)µ(w) = M n(r)νn(r)µ (σ)[
1
(z − w)2 +
∂w
(z − w) ]Jˆn(r)ν(w) (5.8)
+
N n(s)ν; n(r)−n(s),δn(r)µ (σ) : Jˆn(s)ν(w)Jˆn(r)−n(s),δ(w) :
z − w +O((z − w)
0)
which shows the consistency of the monodromies on both sides of the relation. The associated
commutatorp
[Lσ(m), Jˆn(r)µ(n +
n(r)
ρ(σ) )] = −(n + n(r)ρ(σ) )M n(r)νn(r)µ (σ)Jˆn(r)ν(m+ n+ n(r)ρ(σ) ) (5.9)
+N n(s)ν;n(r)−n(s),δn(r)µ (σ)
∑
p∈Z
: Jˆn(s)ν(p+
n(s)
ρ(σ) )Jˆn(r)−n(s),δ(m+ n− p+ n(r)−n(s)ρ(σ) ) :
follows from (5.8).
6 The Orbifolds of the (H and Lie h)-invariant CFT’s
Our presentation of these “doubly-invariant” CFT’s and their orbifolds will follow the pro-
gression
A(Lieh) → A(Lieh(H)) → A(Lieh(H))
H
(6.1)
starting with a review of Lie symmetry in current-algebraic conformal field theory.
pThe complex conjugates M∗ and N ∗ can be computed with (5.1e), and the results follow the pattern
seen in Eq. (4.2): a factor of R∗ or R for an up or down index respectively. Then it is easily checked that
(5.9) is consistent with the adjoint operations in (4.4a) and (4.7).
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6.1 The Lie h-invariant CFT’s
The Lie h-invariant CFT’s23−25,28,22 on g, called collectively A(Lieh), are those CFT’s with
a Lie symmetryq h ⊂ g, which may be realized globally or locally. Large numbers of Lie
h-invariant CFT’s are known,23 and simple examples of A(Lieh) include the WZW model
Ag(Lie g), described by the affine-Sugawara construction
29,36−39,25 on g, and the g/h coset
constructions.29,36,46,25
To describe this class of CFT’s more precisely, we begin with the index decomposition
a = (A, I), A in h, I in g/h : GAI = f
I
AB = f
B
AI = 0 (6.2a)
JA(z)JB(w) =
GAB
(z − w)2 +
if CAB JC(w)
z − w +O((z − w)
0) (6.2b)
where h is any reductive subalgebra of the ambient algebra g and Jh = {JA} are the h
currents. The Lie h-invariant CFT’s A(Lieh) are those CFT’s on g whose inverse inertia
tensor is invariant under infinitesimal transformations generated by Lie h
T = Lab : JaJb :, δAL
ab = Lc(af
b)
cA = −iN(L) abA = 0, A = 1, ..., dimh (6.3)
where N(L) is defined in (5.1). The inverse inertia tensors of A(Lieh) satisfy a consistent23
reduced Virasoro master equation.
At least for all unitary CFT’s in A(Lieh), it follows that45,23
M(L) IA = 0, M(L)
C
A M(L)
B
C = M(L)
B
A (6.4a)
T (z)JA(w) =M(L)
B
A (
1
(z − w)2 +
∂w
z − w )JB(w) +O((z − w)
0) (6.4b)
where M(L) BA is the h block of M(L) (see Eq. (5.1)). As seen in (6.4), the essential
simplifications of the Lie h-invariant CFT’s are that a) M(L) BA is a projector and b) there
is no two-current term on the right side of (6.4b). It then follows45,23 in a left eigenbasis
of M(L) BA that the h currents are either (1, 0) or (0, 0) operators of T (z). For the affine-
Sugawara constructions, one has h = g and all the h currents are (1, 0) operators, so that
Lie h is realized globally. For the g/h coset constructions the h currents are (0, 0) operators,
so that Lie h is realized locally. For general Lie h-invariant CFT’s, the affine h subalgebras
(6.2b) decompose as23
h = h0 ⊕ h1 (6.5)
where h0 and h1 are the closed affine subalgebras of the (0, 0) and the (1, 0) operators
respectively.r
qThe Lie h-invariant CFT’s A(Lie h) are also invariant (at least) under the connected part (LieH)c of
the corresponding Lie group Lie H . Moreover (LieH)c ⊂ LieG ⊂ Aut(g) and (LieH)c ⊂ Aut(h), so one
may consider the orbifolds by a Lie group A(Lie h)/(LieH)c for any Lie h-invariant CFT. We shall not do
so here.
rIn what follows, we will generally assume unitarity of the Lie h-invariant CFT’s and hence the Lie h
relations (6.4). For the affine-Sugawara and coset constructions, however, it is clear that (6.4) holds without
assumption of unitarity. Section 9 gives further evidence that the relations (6.4) may follow directly from
the Virasoro master equation.
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6.2 The (H and Lie h)-invariant CFT’s
We consider next the (H and Lie h)-invariant CFT’s, called collectively A(Lieh(H)),
A(Lieh(H)) ⊂ A(Lieh), A(Lieh(H)) ⊂ A(H) (6.6a)
h ⊂ g, H ⊂ Aut(g), H ⊂ Aut(h) . (6.6b)
These are the CFT’s which are simultaneously invariant under some Lie h and also a finite
group H , and the CFT’s of A(Lieh(H)) can be used to from the orbifolds A(Lieh(H))/H .
Because g, h and H are not fixed, these doubly-invariant CFT’s provide a different slice of
orbifold theory than the large examples in Subsec. 2.6 and Secs. 8 and 9.
We will not attempt to classify the (H and Lie h)-invariant CFT’s, but the set is large,
including the general WZW model
Ag(H) = Ag(Lie g) = A(Lie g(H)), H ⊂ Aut(g) (6.7)
which is described by the affine-Sugawara construction29,36−39,25 on g, and the general H-
invariant coset construction19,21
g
h
(H) ⊂ A(Lieh(H)) . (6.8)
Many other examples in A(Lieh(H)) are known including a) the level families that live on
the Lie h-invariant graphs with a graph symmetry34,23,25 and b) the Lie (h = gdiag)-invariant
CFT’s22,19 in A(Zλ(permutation)), whose stress tensors describe the untwisted sectors of the
Gdiag(σ)-invariant cyclic orbifolds.
Another large class of doubly-invariant CFT’s A(Cartan g(H(d))) is discussed in Sec. 9,
where H = H(d) is any group of inner automorphisms. These doubly-invariant CFT’s
are particularly important because, as we shall see, they underlie the connection between
inner-automorphic orbifolds and stress-tensor spectral flow.
For CFT’s in A(Lieh(H)), the subalgebra h ⊂ g is an H-covariant subalgebra21
ω(hσ)
I
A = 0, JA
′ = ω(hσ)
B
A JB, ∀ ω(hσ) ∈ H, A = 1, ..., dimh (6.9)
of the H-covariant ambient algebra g. Here ω(hσ)
B
A is the h block of ω(hσ) and JA
′ satisfies
the same OPE as JA, given in (6.2b). Then, using (2.6b,c) and (6.2b), the properties
ω(hσ)
C
A ω
†(hσ)
B
C = δ
B
A , ω(hσ)
A
I = 0 (6.10a)
ω(hσ)
C
A ω(hσ)
D
B GCD = GAB, ω(hσ)
D
A ω(hσ)
E
B f
F
DE ω
†(hσ)
C
F = f
C
AB (6.10b)
are obtained for all hσ. The relations in (6.10b) express the H-invariance of the h tensors
GAB and f
C
AB . It follows that each matrix action ω(hσ) is block diagonal
ω(hσ) =
(
ω(hσ)
B
A 0
0 ω(hσ)
J
I
)
(6.11)
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and that the h and g/h blocks ω(hσ)
B
A and ω(hσ)
J
I of ω(hσ) are separately unitary. Then
the unitary eigenvector matrices U(σ) and U †(σ) may also be taken block diagonal with each
block separately unitary. Finally, Eqs. (5.2) and (6.11) imply the vanishing commutator
ω(hσ)
C
A M(L)
B
C = M(L)
C
A ω(hσ)
B
C (6.12)
among the h blocks of ω(hσ) and M(L).
6.3 The orbifolds A(Lieh(H))/H
We turn now to the orbifolds by H of the doubly-invariant CFT’s A(Lieh(H))
A(Lieh(H))
H
⊂ A(H)
H
, h ⊂ g, H ⊂ Aut(g), H ⊂ Aut(h) . (6.13)
The twisted g currents Jˆn(r)µ of these orbifolds satisfy the twisted current algebra
gˆ(H ⊂ Aut(g), H ⊂ Aut(h); σ) (6.14)
whose form is included in (3.4). In this case, the ambient algebra (6.14) has a twisted h
subalgebra21 generated by the twisted h currents Jˆhˆ(σ), which we will discuss below. When Lie
h is realized locally, one must learn to gauge the twisted h currents in an action formulation
of these orbifolds.
To study the twisted h currents in a “conformal weight” basis (see Eq. (6.16)), we begin
with the simultaneous left-eigenvalue problem
U(σ) Bnˆ(r)θiµ ω(hσ)
A
B = Enˆ(r)(σ)U(σ)
A
nˆ(r)θiµ
(6.15a)
U(σ) Bnˆ(r)θiµ M(L)
A
B = θiU(σ)
A
nˆ(r)θiµ
(6.15b)
Enˆ(r)(σ) = e
−
2piinˆ(r)
ρ(σ) , nˆ(r) ∈ {n(r)}, θi ∈ {0, 1}, σ = 0, ..., Nc − 1 (6.15c)
defined on the (unitary) h block of U . Eq. (6.15a) is the induced H-eigenvalue problem21 for
the H-covariant subalgebra h, and the consistency of the simultaneous eigenvalue problem
(6.15) is guaranteed by the vanishing commutator in Eq. (6.12). The allowed values of θi
in (6.15c) follow from M2 = M in (6.4a), and we emphasize that the matrix M(L) and its
eigenvalues θi(σ) = θi(0) = θi are independent of σ.
The analysis19 reviewed in Sec. 2 for the ambient algebra g can now be applied, mutatis
mutandis, to the H-covariant subalgebra h. With (6.4) and (6.15), we find that the h-
eigencurrents Jh(σ) = {Jnˆ(r)θiµ} of sector σ
Jnˆ(r)θiµ(z) ≡ χ(σ)nˆ(r)θiµU(σ) Anˆ(r)θiµ JA(z), Jnˆ(r)θiµ(z)′ = Enˆ(r)(σ)Jnˆ(r)θiµ(z) (6.16a)
T (z)Jnˆ(r)θiµ(w) = θi (
1
(z − w)2 +
∂w
z − w )Jnˆ(r)θiµ(w) +O((z − w)
0) (6.16b)
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have conformal weight θi ∈ {0, 1} and simultaneously a diagonal response Enˆ(r)(σ) to the
automorphism group H .
Then using the OPE’s (6.2b) of the h current algebra, the h-eigencurrents (6.16a) and
the OPE isomorphism
Jh(σ) −→σ Jˆhˆ(σ), Jˆhˆ(σ) = {Jˆnˆ(r)θiµ} (6.17a)
automorphisms Enˆ(r)(σ) −→σ monodromies Enˆ(r)(σ) (6.17b)
one finds the twisted h current system (read Eq. (2.22a) with n(r)µ→ nˆ(r)θiµ). The twisted
h tensors of this system are
Gnˆ(r)θiµ;nˆ(s)θjν(σ) = χ(σ)nˆ(r)θiµχ(σ)nˆ(s)θjνU(σ) Anˆ(r)θiµ U(σ) Bnˆ(s)θjν GAB (6.18a)
F nˆ(t)θkδnˆ(r)θiµ;nˆ(s)θjν (σ) =
χ(σ)nˆ(r)θiµχ(σ)nˆ(s)θjν
χ(σ)nˆ(t)θkδ
U(σ) Anˆ(r)θiµ U(σ)
B
nˆ(s)θjν
f CAB U
†(σ)
nˆ(t)θkδ
C
(6.18b)
F nˆ(u)θlǫnˆ(r)θiµ;nˆ(s)θjν (σ)F
nˆ(v)θmγ
nˆ(t)θkδ;nˆ(u)θlǫ
(σ) + F nˆ(u)θlǫnˆ(s)θjν;nˆ(t)θkδ (σ)F
nˆ(v)θmγ
nˆ(r)θiµ;nˆ(u)θlǫ
(σ)
+ F nˆ(u)θlǫnˆ(t)θkδ;nˆ(r)θiµ (σ)F
nˆ(v)θmγ
nˆ(s)θjν;nˆ(u)θlǫ
(σ) = 0 (6.18c)
Fnˆ(r)θiµ;nˆ(s)θjν;nˆ(t)θkδ(σ) ≡ F nˆ(u)θlǫnˆ(r)θiµ;nˆ(s)θjν (σ)Gnˆ(u)θlǫ;nˆ(t)θkδ(σ) = −Fnˆ(r)θiµ;nˆ(t)θkδ;nˆ(s)θjν(σ)
(6.18d)
Gnˆ(r)θiµ;nˆ(s)θjν(σ)(1− Enˆ(r)(σ)Enˆ(s)(σ)) = 0 (6.18e)
F nˆ(t)θkδnˆ(r)θiµ;nˆ(s)θjν (σ)(1−Enˆ(r)(σ)Enˆ(s)(σ)Enˆ(t)(σ)∗) = 0 (6.18f)
and the corresponding twisted h subalgebra is
hˆ(σ) ≡ hˆ(H ⊂ Aut(h); σ) ⊂ gˆ(H ⊂ Aut(g), H ⊂ Aut(h); σ) (6.19a)
[Jˆnˆ(r)θiµ(m+
nˆ(r)
ρ(σ) ), Jˆnˆ(s)θjν(n +
nˆ(s)
ρ(σ))] = (m+
nˆ(r)
ρ(σ) )δm+n+ nˆ(r)+nˆ(s)
ρ(σ)
,0
Gnˆ(r)θiµ;−nˆ(r),θjν(σ)
+ iF nˆ(r)+nˆ(s),θkδnˆ(r)θiµ;nˆ(s)θjν (σ)Jˆnˆ(r)+nˆ(s),θkδ(m+ n+ nˆ(r)+nˆ(s)ρ(σ) ) (6.19b)
#{Jˆhˆ(σ)} = #{Jh} = dimh . (6.19c)
The subalgebra hˆ(σ) is the dual in sector σ of the untwisted affine h subalgebra in (6.2b),
and the Jacobi identity of hˆ(σ) follows with (6.18c,d).
We turn next to the twisted inverse inertia tensor L(σ) in the stress tensor Tˆσ of each
orbifold in A(Lieh(H))/H . In addition to the selection rules (2.37) – which are dual to the
H-symmetry of A(Lieh(H)) – we find that L(σ) also satisfies the conditions
Ln(u)γ;(n(s)ν(σ)F n(t)δ)n(u)γ;nˆ(r)θiµ; (σ) = −iN
n(s)ν;n(t)δ
nˆ(r)θiµ
(σ) = 0 (6.20)
sA special case of this condition was first seen for cyclic permutation orbifolds in Ref. 22.
26
which is dual to the Lie h condition (6.3). Moreover, the TˆσJˆhˆ(σ) relations
M nˆ(s)θjνnˆ(r)θiµ (σ) = θiδ
nˆ(s)θjν
nˆ(r)θiµ
(6.21a)
Tˆσ(z)Jˆnˆ(r)θiµ(w) = θi (
1
(z − w)2 +
∂w
z − w )Jˆnˆ(r)θiµ(w) +O((z − w)
0) (6.21b)
[Lσ(m), Jˆnˆ(r)θiµ(n +
nˆ(r)
ρ(σ))] = −θi (n+ nˆ(r)ρ(σ) )Jˆnˆ(r)θiµ(m+ n + nˆ(r)ρ(σ)) (6.21c)
can be obtained from (6.16b), (6.17) and the derived isomorphism (2.30), or as a special
case of (5.8) and (5.9). These results show that each twisted h current of any orbifold
A(Lieh(H))/H is either21 a twisted (1, 0) operator (defined by θi = 1) or a twisted (0, 0)
operator (defined by θi = 0). Looking back, we see that the properties (6.21) are orbifold
reflections of the Lie h properties in (6.4) and (6.16b).
6.4 WZW orbifolds, coset orbifolds and orbifold K-conjugation
We work out here the general WZW orbifold19 and the general coset orbifold,21 which provide
simple sets of examples in A(Lieh(H))/H . In this discussion, we emphasize the role of the
WZW orbifolds in orbifold K-conjugation,19 and the role of orbifold K-conjugation in the
construction of the coset orbifolds.
The affine-Sugawara construction29,36−39,25 on g
Ag(H) = A(Lie g(H)), H ⊂ Aut(h = g) (6.22a)
Tg = L
ab
g : JaJb :, L
ab
g = ⊕I
ηabI
2kI +QI
(6.22b)
Lcdg ω
a
c ω
b
c = L
ab
g , ∀ ω ∈ H ⊂ Aut(h = g) (6.22c)
N(Lg)
bc
a = 0, M(Lg)
b
a = δ
b
a (6.22d)
[Lg(m), Ja(n)] = −nJa(m+ n) (6.22e)
is always a (global Lieh = g)-invariant CFT which is alsoH-invariant under anyH ⊂ Aut(g).
Then the description of the general WZW orbifold19
Ag(H)
H
=
A(Lie g(H))
H
, hˆ(σ) = gˆ(σ) (6.23a)
Tˆgˆ(σ) = Ln(r)µ;−n(r),νgˆ(σ) (σ) : Jˆn(r)µJˆ−n(r),ν :, σ = 0, ..., Nc − 1 (6.23b)
Ln(r)µ;−n(r),ν
gˆ(σ) (σ) = χ(σ)
−1
n(r)µχ(σ)
−1
−n(r),νL
ab
g U
†(σ) n(r)µa U
†(σ)
−n(r),ν
b (6.23c)
N n(s)ν;n(t)δn(r)µ (σ) = 0, M n(s)νn(r)µ (σ) = δ n(s)νn(r)µ (6.23d)
[Lgˆ(σ)σ (m), Jˆn(r)µ(n+
n(r)
ρ(σ) )] = −(n + n(r)ρ(σ) )Jˆn(r)µ(m+ n+ n(r)ρ(σ) ) (6.23e)
27
is obtained from the results of the previous subsection. In the WZW orbifolds, the twisted
g currents {Jˆ(σ)} satisfy the general twisted current algebra gˆ(σ) in (3.4) and each of the
twisted g currents is a twisted (1,0) operator (with θi(σ) = θi = 1) under the orbifold
affine-Sugawara construction Tˆgˆ(σ). The case of the WZW cyclic permutation orbifolds was
discussed in Ref. 19 and further discussion of WZW orbifolds is found in Secs. 7 and 9.
Returning for a moment to the general affine-Virasoro construction (2.3), we remind the
reader that the affine-Sugawara construction Tg also plays a central role in the operation
known as K-conjugation29,36,46,47,26,25
A←→
K
A˜ (6.24a)
Tg(z) = T (z) + T˜ (z), T˜ (z)T (w) = O((z − w)0) (6.24b)
Labg = L
ab + L˜ab, cg = c + c˜ (6.24c)
which relates K-conjugate pairs A, A˜ of current-algebraic CFT’s on g. The simplest example
of K-conjugation is the g/h coset construction29,36,46,25
Tg/h = Tg − Th, cg/h = cg − ch, [Lg/h(m), JA(n)] = 0, A = 1, ..., dimh (6.25)
which is a (local Lie h)-invariant CFT (with θi = 0 for each h current).
We emphasize that K-conjugation is closed on the space of H-invariant CFT’s
A(H)←→
K
A˜(H), H ⊂ Aut(g) (6.26)
because the affine-Sugawara construction Tg describes the H-invariant CFT Ag(H).
For the corresponding orbifolds by H , one finds thatK-conjugation (6.26) and the duality
transformation (2.31c) combine to give orbifold K-conjugation19
A(H)
H
←→
K
A˜(H)
H
(6.27a)
Tˆgˆ(σ)(z) = Tˆσ(z) +
ˆ˜Tσ(z),
ˆ˜Tσ(z)Tˆσ(w) = O((z − w)0) (6.27b)
Ln(r)µ;n(s)ν
gˆ(σ) (σ) = Ln(r)µ;n(s)ν(σ) + L˜n(r)µ;n(s)ν(σ) (6.27c)
cˆgˆ(σ) = cg, cˆ(σ) = c, ˆ˜c(σ) = c˜ (6.27d)
which relates K-conjugate pairs of stress tensors in A(H)/H through the orbifold affine-
Sugawara construction Tˆgˆ(σ).
The simplest example of orbifold K-conjugation, namely the general coset orbifold
g
h
(H)
H
⊂ A(Lieh(H))
H
, h ⊂ g, H ⊂ Aut(h), H ⊂ Aut(g) (6.28a)
Tg/h(z) = Tg(z)− Th(z) −→σ Tˆ g/h
H
(z)σ = Tˆgˆ(σ) − Tˆhˆ(σ) (6.28b)
28
Th = L
AB
h : JAJB : −→σ Tˆhˆ(σ) = Lnˆ(r)0µ;−nˆ(r),0νhˆ(σ) (σ) : Jˆnˆ(r)0µJˆ−nˆ(r),0ν : (6.28c)
Lnˆ(r)0µ;nˆ(s)0ν
hˆ(σ)
(σ) = χ(σ)−1
nˆ(r)0µχ(σ)
−1
nˆ(s)0νL
AB
h U
†(σ)
nˆ(r)0µ
A U
†(σ)
nˆ(s)0ν
B (6.28d)
is also found in A(Lieh(H))/H . The untwisted sectors of these orbifolds are formed from
the H-invariant coset constructions g
h
(H), and the twisted h currents Jˆhˆ(σ) = {Jˆnˆ(r)0µ} have
θi(σ) = θi = 0 in this case because the untwisted h currents JA are (0, 0) operators of Tg/h.
In further detail, the twisted h currents are twisted (1, 0) operators under Tˆgˆ(σ) and Tˆhˆ(σ)
and hence twisted (0, 0) operators under Tˆ(g/h)/H :
[Lgˆ(σ)σ (m), Jˆnˆ(r)0µ(n+
nˆ(r)
ρ(σ) )] = −(n + nˆ(r)ρ(σ) )Jˆnˆ(r)0µ(m+ n + nˆ(r)ρ(σ)) (6.29a)
[Lhˆ(σ)σ (m), Jˆnˆ(r)0µ(n+
nˆ(r)
ρ(σ))] = −(n + nˆ(r)ρ(σ))Jˆnˆ(r)0µ(m+ n+ nˆ(r)ρ(σ) ) (6.29b)
[L
g/h
H
σ (m), Jˆnˆ(r)0µ(n +
nˆ(r)
ρ(σ))] = 0 . (6.29c)
The eigenvalue θi = 0 of the twisted h currents controls the vanishing final commutator with
the coset orbifold Virasoro generators. The results (6.28a,b) and (6.29c) are equivalent to
those given in Ref. 21, which also discusses the orbifolds of the Zλ-invariant coset construc-
tions in further detail. Finally, the twisted h currents satisfy the twisted h subalgebra
[Jˆnˆ(r)0µ(m+
nˆ(r)
ρ(σ) ), Jˆnˆ(s)0ν(n +
nˆ(s)
ρ(σ))] = (m+
nˆ(r)
ρ(σ) )δm+n+ nˆ(r)+nˆ(s)
ρ(σ)
,0
Gnˆ(r)0µ;−nˆ(r),0ν(σ)
+ iF nˆ(r)+nˆ(s),0δnˆ(r)0µ;nˆ(s)0ν (σ)Jˆnˆ(r)+nˆ(s),0δ(m+ n+ nˆ(r)+nˆ(s)ρ(σ) ) (6.30)
which is dual to the untwisted h algebra whose OPE’s are given in (6.2b).
Other applications of orbifold K-conjugation are found in the following subsection and
Subsec. 9.5.
6.5 Decomposition of the twisted h subalgebras
With the help of orbifold K-conjugation, we will show in this subsection that the twisted
affine h subalgebra hˆ(σ) of each sector of each orbifold A(Lieh(H))/H decomposes as
hˆ(σ) = hˆ0(σ)⊕ hˆ1(σ) (6.31)
where hˆ0(σ) and hˆ1(σ) are the closed affine subalgebras of the twisted (0,0) and (1,0) opera-
tors respectively. The algebra hˆ(σ) ⊂ gˆ(σ) is given in (6.19) and the orbifold argument given
below parallels the argument in Ref. 23 for the decomposition (6.5) of the h subalgebra of
any Lie h-invariant CFT.
For the orbifolds A(Lieh(H))/H , we may combine orbifold K-conjugation (6.27) with
the Lσ, Jˆhˆ(σ) commutator in (6.21) to find the relation
A(Lieh(H))
H
←→
K
A˜(Lieh(H))
H
: θ
gˆ(σ)
i = 1 = θi + θ˜i (6.32)
29
among the “conformal weights” θ of the twisted h currents of each K-conjugate orbifold pair
in A(Lieh(H))/H .
In what follows, we consider various pairs of generators Jˆ
hˆ(σ) of the twisted h subalgebra
hˆ(σ) of sector σ in any particular orbifold A(Lieh(H))/H , starting with an arbitrary pair of
twisted (0, 0) operators. According to (6.21), the commutator of this pair of twisted currents
commutes with the stress tensor Tˆσ of this orbifold
[Lσ(m), [Jˆnˆ(r)0µ(n +
nˆ(r)
ρ(σ)), Jˆnˆ(s)0ν(p+
nˆ(s)
ρ(σ))]] = 0 (6.33)
so the set of twisted (0, 0) operators of this orbifold is closed under commutation. Similarly
the set of twisted (1, 0) operators of this orbifold is closed under commutation because,
according to (6.32), these currents and their commutators are twisted (0, 0) operators of the
K-conjugate stress tensors ˆ˜Tσ. To prove that the twisted (0, 0) and twisted (1, 0) operators
of the orbifold commute, use the chain rule and the commutator (6.21) to see that
[Lσ(m), [Jˆnˆ(r)0µ(n +
nˆ(r)
ρ(σ)), Jˆnˆ(s)1ν(p+
nˆ(s)
ρ(σ))]]
= −(p + nˆ(s)ρ(σ))[Jˆnˆ(r)0µ(n+ nˆ(r)ρ(σ) ), Jˆnˆ(s)1ν(p+m+ nˆ(s)ρ(σ) )] . (6.34)
Then use the twisted h algebra (6.19) on both sides, followed by the commutator (6.21)
again on the left side. The result of this computation
Gn(r)0µ,n(s)1ν = F n(r)+n(s),θkδn(r)0µ,n(s)1ν = 0 (6.35)
establishes the decomposition (6.31) of the twisted h subalgebra hˆ(σ) of sector σ. As dis-
cussed in Subsec. 6.4, the general WZW orbifold and the general coset orbifold provide simple
examples of this decomposition.
7 About Permutation Orbifolds
In this section, we discuss some features common to all permutation orbifolds
A(H)
H
, H ⊂ SN(permutation) ⊂ Aut(g), g = ⊕K−1I=0 gI , K ≤ N (7.1)
where the copies gI ∼= g in the (H ⊂ SN) permutation-invariant CFT’s are taken at level
k. In this case, the general twisted current algebra gˆ(σ) of sector σ consists of a set of
commuting orbifold affine algebras15,16,19,20 at various orders (see also Sec. 8). We have also
checked that the orbifold adjoint operation (4.4a) gives the standard15,19 adjoint operation
(see Eq. (4.6b) and Sec. 8) for each commuting orbifold affine algebra in each sector σ, so that
unitarity of the twisted sectors of any permutation orbifold A(H)/H follows from unitarity
of the permutation-invariant CFT A(H).
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From the orbifold induction procedure for orbifold affine algebras15 we know that the
ground state |0〉σ of sector σ (which corresponds to the twist field of sector σ) is a twisted
affine primary state
Jˆn(r)µ((m+
n(r)
ρ(σ) ) ≥ 0)|0〉σ = 0, σ〈0|Jˆn(r)µ((m+ n(r)ρ(σ) ) ≤ 0) = 0 (7.2)
where the second relation follows from the first by the orbifold adjoint operation. It follows
from (7.2) that M ordering, defined in (3.8), is a true normal ordering
〈Jˆn(r)µ(z)〉σ = 〈: Jˆn(r)µ(z)Jˆn(s)ν(w) :M〉σ = 0 (7.3a)
∑
p∈Z
: Jˆn(r)µ(p+
n(r)
ρ(σ))Jˆ−n(r),ν(m− p− n(r)ρ(σ) ) :M |0〉σ = 0, for m ≥ 0, ∀ n(r), µ, ν (7.3b)
for all permutation orbifolds. The relations (7.2) and (7.3) hold for all n(r) and n(s), not
necessarily in the fundamental range. As a consequence of (7.3a), we obtain the twisted
current-current correlators in each sector σ of the general permutation orbifold
〈Jˆn(r)µ(z)Jˆn(s)ν(w)〉σ = δn(r)+n(s),0 mod ρ(σ)(w
z
)
n¯(r)
ρ(σ) [
1
(z − w)2 +
n¯(r)/ρ(σ)
w(z − w) ]Gn(r)µ;−n(r),ν(σ)
(7.4)
from the exact operator product (3.9). Correlators of more than two twisted currents can
be computed from (3.1a), (3.4) and (7.2).
Using (3.13c), (7.2) and (7.3b), we may also compute the ground state conformal weight
∆ˆ0(σ) of sector σ
Lσ(m ≥ 0)|0〉σ = δm,0∆ˆ0(σ)|0〉σ (7.5a)
∆ˆ0(σ) =
∑
r,s,µ,ν
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)Ln(r)µ;n(s)ν(σ)Gn(r)µ;n(s)ν(σ) (7.5b)
=
∑
r,µ,ν
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)Ln(r)µ;−n(r),ν(σ)Gn(r)µ;−n(r),ν(σ) . (7.5c)
The ground state conformal weights are class functions and the factor n¯(r) in (7.5c) tells
us that twist class n¯(r) = 0 (the integral affine subalgebra) does not contribute to ∆ˆ0(σ).
When the CFT A(H) is unitary, the ground state conformal weights ∆ˆ0(σ) must be real
∆ˆ0(σ)
∗ = ∆ˆ0(σ) (7.6)
because the twisted sectors of these orbifolds are also unitary in this case. To see this
explicitly, use the G∗ relation (A.4a), the L∗ relation (A.4c), the relation (A.3) for R and
the symmetry of G and L.
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Using the duality transformations for G and L in Eqs. (2.22d) and (2.31c), the ground
state conformal weights (7.5b) can also be expressed in terms of the inverse inertia tensor
Lab of the untwisted sectort
∆ˆ0(σ) = L
acGcb
∑
r
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)P(n¯(r); σ) ba (7.7a)
P(n¯(r); σ) ba =
∑
µ
U †(σ) n(r)µa U(σ)
b
n(r)µ , ω(hσ)
b
a =
∑
r
En(r)(σ)P(n¯(r); σ) ba (7.7b)
P(n¯(r); σ) ca P(n¯(s); σ) bc = δ n(s)n(r) P(n¯(r); σ) ba (7.7c)
where P(n¯(r); σ) is the projector onto the n¯(r) subspace of sector σ. Other properties of
these projectors are collected in App. B.
To go further for H ⊂ SN , we need a more explicit notation for the semisimplicity of the
Lie algebra g in (7.1) and the degeneracy indices of the H-eigenvalue problem:
a→ a, I, n(r), µ→ n(r), aj, a = 1, ..., dimg, I = 0, ..., K − 1 (7.8a)
Gab → GaI,bJ = kηabδIJ , f cab → f cMaI,bJ = f cab δIJδ MJ (7.8b)
JaI(z)JbJ (w) = δIJ{ kηab
(z − w)2 +
f cab JcJ(w)
z − w }+O((z − w)
0) (7.8c)
Lab → LaI,bJ , ρ ba → ρ bJaI = ρ ba δ JI , ω(hσ) ba → ω(hσ) bJaI = δ ba ω(hσ) JI (7.8d)
U †(σ) n(r)µa → U †(σ) n(r)bjaJ = δ ba U †(σ) n(r)jJ , ω(hσ) JI U †(σ) n(r)jJ = U †(σ) n(r)jI En(r)(σ)
(7.8e)
P(n¯(r); σ) ba → P(n¯(r); σ) bJaI = δ ba P(n¯(r); σ) JI (7.8f)
P(n¯(r); σ) JI =
∑
j
U †(σ)
n(r)j
I U(σ)
J
n(r)j (7.8g)
Gn(r)aj;n(s)bl(σ) ∝ kηab, F n(t)cmn(r)aj;n(s)bl (σ) ∝ f cab , R n(s)bln(r)aj (σ) ∝ ρ ba (7.8h)
T = LaI,bJ : JaIJbJ : −→σ Tˆσ = Ln(r)aj;n(s)bl(σ) : Jˆn(r)aj Jˆn(s)bl : . (7.8i)
Here the a indices to the right of the arrows are the Lie algebra indices of the copies gI , with
Killing metric ηab, and µ = (a, j) labels the n¯(r) subspace. The reduced matrix U
†(σ)
n(r)j
J
(which solves the reduced eigenvalue problem in (7.8e)) is also unitary, and the reduced
matrix P(n¯(r); σ) JI is also a projector onto the n¯(r) subspace.
Then the ground state conformal weight (7.7a) takes the form
∆ˆ0(σ) = kL
aI,bJηab
∑
r
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)P(n¯(r); σ)IJ (7.9)
tThe structure n¯
ρ
(1 − n¯
ρ
) was first seen in the ground state conformal weights of the free-field examples
discussed by Dixon, Harvey, Vafa and Witten in Ref. 6.
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for all H ⊂ SN , where PIJ = P KI δKJ . For the case of the cyclic permutation orbifolds
A(Zλ)/Zλ, a more explicit form of the ground state conformal weights can be obtained
LaI,bJ = LabI−J , P(r; σ)IJ =
1
ρ(σ)
e
2piiN(σ)(J−I)r
λ δI,J mod λ
ρ(σ)
(7.10a)
∆ˆ0(σ) =
λkηab
4ρ2(σ)
{ρ
2(σ)− 1
3
Lab0 −
ρ(σ)−1∑
r=1
csc2(
πN(σ)r
ρ(σ)
)Labλ
ρ(σ)
r
}, σ = 1, ..., λ− 1 (7.10b)
from (2.18) and (7.9), in agreement with the result given in Ref. 19.
Returning to the general permutation orbifold, we find that the reduced matrices ω and
U satisfy ∑
I
ω(hσ)
J
I = 1 (7.11a)
(
∑
I
U †(σ)
n(r)j
I )(1− En(r)(σ)) = (
∑
I
U(σ) In(r)j )(1− En(r)(σ)) = 0 (7.11b)
(
∑
I
U †(σ)
n(r)j
I ), (
∑
I
U(σ) In(r)j ) and
∑
I
P(n¯(r); σ) JI ∝ δn(r),0 mod ρ(σ) (7.11c)
for all H ⊂ SN . Here (7.11a) follows because ω(hσ)IJ is a permutation matrix, while the
selection rules (7.11b) follow from (7.11a) and the reduced eigenvalue problem.
The relations (7.9) and (7.11c) give a simple form for the ground state conformal weights
of the permutation orbifolds A(SN)/SN
LaI,bJ = λabδIJ + lab,
∑
I
P(n¯(r); σ) II = dim[n¯(r)] (7.12a)
∆ˆ0(σ) = kηabλ
ab
∑
r
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
) dim[n¯(r)] (7.12b)
where dim[n¯(r)] is the dimension of the n¯(r) subspace. This simplification depends on the
form of the inverse inertia tensor in (7.12a), which describes the general SN -invariant CFT.
A more explicit form of these ground state conformal weights will be obtained in Sec. 8.
The relations (7.11) also give a simple form for the ground state conformal weights of the
general permutation copy orbifoldu
×K−1I=0 AI
H
⊂ A(H)
H
, H ⊂ SN(permutation) (7.13a)
LaI,bJ = λabδIJ (7.13b)
∆ˆ0(σ) =
c
2
∑
r
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
) dim[n¯(r)], c = 2kηabλ
ab (7.13c)
uFor the case H = Zλ(permutation), results equivalent to (7.13) were given in Refs. 19 and 21.
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where AI ∼= A are K copies (permuted by H ⊂ SN) of any affine-Virasoro construction A
with central charge c. Included in this set of copy orbifolds is the general WZW permutation
orbifold (see also Subsec. 6.4), whose twisted inverse inertia tensors are given by
Ln(r)aj;n(s)bl
gˆ(σ) (σ) =
xg
2(xg + h˜g)
Gn(r)aj;n(s)bl(σ), Gn(r)aj;n(s)bl(σ) ∝ η
ab
k
, σ = 0, ..., Nc − 1 .
(7.14)
Here Nc is the number of conjugacy classes of H ⊂ SN , h˜g is the dual Coxeter number of
each copy g and xg is the invariant level of affine g. The twisted tensor G with all indices up
is the inverse of the twisted metric Gn(r)aj;n(s)bl(σ) in (7.8h).
For both A(SN)/SN and the general permutation copy orbifold (7.13) we find an a↔ b
symmetry of L
Ln(r)aj;n(s)bl(σ) = Ln(r)bj;n(s)al(σ) (7.15a)
Tˆσ(z) = Ln(r)aj;−n(r),bl(σ) : Jˆn(r)aj(z)Jˆ−n(r),bl(z) :M + 1
z2
∆ˆ0(σ) (7.15b)
so that no linear terms in the currents appear in theM-ordered form of the stress tensors. For
Zλ-(permutation) copy orbifolds, many examples of this phenomenon were seen in Ref. 15.
8 The Permutation Orbifolds A(SN)/SN
8.1 The permutation group SN
As a large example beyond A(Zλ)/Zλ, we will work out the permutation orbifolds
A(SN )
SN
, SN(permutation) ⊂ Aut(g) (8.1)
in further detail, where A(SN) is any SN(permutation)-invariant affine-Virasoro construction.
The case of A(S3)/S3 was worked out previously in Ref. 19. In the SN -invariant CFT’s, we
have N copies gI of an affine Lie algebra on simple g with currents JaI
g = ⊕N−1I=0 gI , gI ∼= g (8.2a)
[JaI(m), JbJ(n)] = δIJ{if cab JcI(m+ n) +mkηabδm+n,0} (8.2b)
JaI
′ = ω JI JaJ , ω ∈ SN(permutation) (8.2c)
a, b = 1, ..., dimg, I, J = 0, ..., N − 1, m, n ∈ Z (8.2d)
and the action of SN (permutation) on the currents is given in (8.2c).
In the cyclic notation for the elements of SN , the action of a cycle of length l
(Ijˆ=0...Ijˆ=l−1) : Ijˆ = 0, ..., N − 1, jˆ = 0, ..., l − 1, Ijˆ 6= Iiˆ when jˆ 6= iˆ (8.3)
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is a cyclic permutation of the copies of g according to
gIjˆ → gIjˆ+1, jˆ = 0, ..., l − 2; gIl−1 → gI0. (8.4)
All elements of SN are products of disjoint cycles, and the general element can be written
as a product of elements of disjoint cyclic groups Zσj
n−1∏
j=0
(Ij
jˆ=0
...Ij
jˆ=σj−1
), Ij
jˆ
6= I i
iˆ
when j 6= i (8.5)
where σj is the length of the jth disjoint cycle, jˆ counts within a cycle and n (the number
of disjoint cycles) is some positive integer.
A property of each element of SN is its cycle type ~σ, which is the collection of lengths of
cycles written in order of decreasing length
~σ ≡ {σ0, ..., σn−1}, σj+1 ≤ σj ,
n(~σ)−1∑
j=0
σj = N . (8.6)
The cycle types ~σ are the σj+1 ≤ σj partitions of N for any n = n(~σ), and ~σ also labels
the conjugacy classes of SN . Conversely, the elements of conjugacy class ~σ are obtained by
relaxing the restriction on the ordering of the lengths in ~σ. As an example, the table below
Conj.Class ~σ Elements
{σ0, σ1, σ2}={1,1,1} (0)(1)(2)
{σ0, σ1}={2,1} (01)(2),(02)(1),(12)(0)
{σ0}={3} (012),(021)
(8.7)
shows the conjugacy classes of S3.
Modeling our choice on the cycle types, we choose one representative from each conjugacy
class ~σ by determining {Ij
jˆ
} as follows
j, jˆ → {Ij
jˆ
} : Ij
jˆ
≡
j−1∑
k=0
σk + jˆ, σj+1 ≤ σj ,
n(~σ)−1∑
j=0
σj = N (8.8a)
j = 0, ..., n(~σ)− 1, jˆ = 0, ..., σj − 1 (8.8b)
given ~σ and the ranges of j, jˆ in (8.8b). Here j labels the disjoint cycles and jˆ labels the
integers in each disjoint cycle. For example, the chosen representatives for the elements of
S3 and S4 are
S3: Conj. Class ~σ Representative
{1,1,1} (0)(1)(2)=(I00)(I10 )(I20 )
{2,1} (01)(2)=(I00I01 )(I10 )
{3} (012)=(I00I01I02 )
S4: Conj. Class ~σ Representative
{1,1,1,1} (0)(1)(2)(3)
{2,1,1} (01)(2)(3)
{2,2} (01)(23)
{3,1} (012)(3)
{4} (0123).
(8.9)
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We will refer to the representative of conjugacy class ~σ as h~σ ∈ SN .
8.2 Automorphisms and the twisted currents
To construct the action ω of the automorphism h~σ on the currents, we begin by relabeling
the copies of g
gI → gjjˆ, a, I → a, jjˆ, JaI → Jajjˆ (8.10a)
j−1∑
k=0
σk + jˆ = I, j ∈ {0, ..., n(~σ)− 1}, jˆ ∈ {0, ..., σj − 1} (8.10b)
where I is the semisimplicity index in (8.2), j and jˆ are the unique solutions to (8.10b) given
I, and ~σ solves Eq. (8.8). This relabeling (which is the inverse of (8.8)) corresponds to the
pictorial representation in Fig. 2 of the action of h~σ on the copies
j = 0 j = 1
. . . . .
j = n(~σ)− 1
I = 0 σ0 σ0 + σ1 I = N − 1
✲ ✲ ✲
Fig. 2. The action of h~σ on the copies.
where jˆ labels the integers which are cyclically permuted jˆ → jˆ+1 inside each box (disjoint
cycle) j. It follows that the action ω(~σ) ≡ ω(h~σ) on the currents is
ω → ω bJaI (~σ) = ω bllˆajjˆ (~σ) = δ ba ω llˆjjˆ (~σ) (8.11a)
Jajjˆ
′ =
∑
l,lˆ
ω llˆ
jjˆ
(~σ)Jallˆ, ω
llˆ
jjˆ
(~σ) = δjlδjˆ+1,lˆ mod σj (8.11b)
where the block-diagonal matrix ω llˆ
jjˆ
(~σ) is orthogonal. In what follows, all quantities have
the spectral index periodicity jˆ → jˆ + σj .
The next step is to solve the SN -eigenvalue problem
n(r), µ → jˆ, aj, U † → U †(~σ) lˆbl
jˆaj
= δ ba U
†(~σ) lˆl
jˆj
(8.12a)
∑
lˆ,l
ω lˆlmˆm (~σ)U
†(~σ) jˆj
lˆl
= U †(~σ) jˆjmˆm E
j
jˆ
(~σ) (8.12b)
for the block-diagonal and unitary matrix U †(~σ) and the eigenvalues E(~σ):
U †(~σ) lˆl
jˆj
=
δjl√
σj
e
− 2piijˆlˆ
σj , U(~σ) lˆl
jˆj
=
δjl√
σj
e
2piijˆlˆ
σj , Ej
jˆ
(~σ) = e
− 2piijˆ
σj (8.13a)
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∑
mˆ,m
U(~σ) mˆm ∗
jˆj
U †(~σ) lˆlmˆm = δjlδjˆ+lˆ,0 mod σj ,
∑
jˆ,j
U †(~σ) lˆl
jˆj
=
√
σlδlˆ,0 mod σl . (8.13b)
The second identity in Eq. (8.13b) is the form taken by Eq. (7.11c) in this case.
With the choice χjˆaj(~σ) =
√
σj we find the twisted current system of sector ~σ of the
orbifold A(SN )/SN
Jˆn(r)µ → Jˆ (jˆ)aj , G → Gjˆaj;lˆbl(~σ) = δjlσjkηabδjˆ+lˆ,0 mod σj (8.14a)
F → F mˆcm
jˆaj;lˆbl
(~σ) = f cab δjlδ
m
l δjˆ+lˆ,mˆ mod σj (8.14b)
Jˆ
(jˆ)
aj (z)Jˆ
(lˆ)
bl (w) = δjl{
(σjk)ηabδjˆ+lˆ,0 mod σj
(z − w)2 +
if cab Jˆ
(jˆ+lˆ)
cj (w)
z − w }+O((z − w)
0) (8.14c)
Jˆ
(jˆ)
aj (ze
2πi) = e
− 2piijˆ
σj Jˆ
(jˆ)
aj (z), Jˆ
(jˆ±σj)
aj (z) = Jˆ
(jˆ)
aj (z) (8.14d)
#{Jˆ} = dimg(
n(~σ)−1∑
j=0
σj) = Ndimg = dimg = #{J} (8.14e)
a, b = 1, ..., dimg, j, l = 0, ..., n(~σ)− 1, ¯ˆj = 0, ..., σj − 1, ¯ˆl = 0, ..., σl − 1 (8.14f)
where ¯ˆj = jˆ − σj⌊jˆ/σj⌋ evaluates jˆ in its fundamental range. According to (8.14d), the
fraction
n(r)
ρ(σ)
=
jˆ
σj
(8.15)
controls the monodromies of the twisted current Jˆ
(jˆ)
aj .
The modes of the twisted currents follow from the monodromies
Jˆ
(jˆ)
aj (z) =
∑
m∈Z
Jˆ
(jˆ)
aj (m+
jˆ
σj
)z
−(m+ jˆ
σj
)−1
(8.16a)
Jˆ
(jˆ+σj)
aj (m− 1 + jˆ+σjσj ) = Jˆ
(jˆ)
aj (m+
jˆ
σj
) (8.16b)
Jˆ
(jˆ)
aj (m+
jˆ
σj
)|0〉~σ = 0 when (m+ jˆσj ) ≥ 0 (8.16c)
where the periodicity and ground state condition are special cases of Eqs. (3.2a) and (7.2)
respectively.
This leads to the twisted current algebra gˆ(~σ) of sector ~σ
gˆ(~σ) = gˆ(SN(permutation) ⊂ Aut(g);~σ) = ⊕n(~σ)−1j=0 gˆσj (8.17a)
[Jˆ
(jˆ)
aj (m+
jˆ
σj
), Jˆ
(lˆ)
bl (n+
lˆ
σl
)] = δjl{if cab Jˆ (jˆ+lˆ)cj (m+n+ jˆ+lˆσj )+(σjk)ηab(m+ jˆσj )δm+n+ jˆ+lˆ
σj
,0
} (8.17b)
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a, b = 1, ..., dimg, j, l = 0, ..., n(~σ)− 1, ¯ˆj = 0, ..., σj − 1, ¯ˆl = 0, ..., σl − 1 (8.17c)
which is a special case of the general twisted current algebra in (3.4). This algebra consists
of a product of n(~σ) commuting sets of orbifold affine algebras15 gˆσj of order σj , where the
factor gˆσj has orbifold affine level kˆj = σjk and k is the level of the untwisted algebra.
According to the identification (8.15), the quantity ¯ˆj = jˆ − σj⌊jˆ/σj⌋ is the effective twist
class of Jˆ
(jˆ)
aj , relative to the order σj of gˆσj .
For this case, the orbifold adjoint operation (4.4a) takes the form
R lˆbl
jˆaj
(~σ) = δjlρ
b
a δjˆ+lˆ,0 mod σj → Jˆ
(jˆ)
aj (m+
jˆ
σj
)† = ρ ba Jˆ
(−jˆ)
bj (−m− jˆσj ) . (8.18)
This is the standard adjoint operation of orbifold affine algebra,15,19 which guarantees uni-
tarity of the twisted affine Hilbert space given unitarity of the untwisted affine Hilbert space.
As noted above, unitarity of the permutation orbifolds A(SN)/SN then follows from unitarity
of the CFT A(SN).
8.3 The stress tensor of sector ~σ
The stress tensors of the SN -invariant CFT’s A(SN) are
T = LaJ,bL
N−1∑
J,L=0
: JaJJbL :, L
aJ,bL = λabδJL + lab (8.19a)
λab = λba, lab = lba, c = 2Nkηab(λ
ab + lab) (8.19b)
where the inverse inertia tensors λab and lab satisfy the reduced Virasoro master equation
λab = 2Nλacηcdλ
db − λcd(λef + 2lef )f ace f bdf − (λcd + lcd)f fce f (adf λb)e (8.20a)
lab = 4klacηcd(λ
db+ ldb)+2k(N−2)lacηcdλdb− lcdleff ace f bdf − (λcd+ lcd)f fce f (adf lb)e. (8.20b)
This is a consistent set of dimg(dimg + 1) quadratic equations for the same number of
unknowns and so the generically-expected number of inequivalent solutions at each level is
M(g, N) = 2(dimg)
2
. (8.21)
Remarkably, M(g, N) is independent of N .
Then the stress tensor of sector ~σ of A(SN )/SN
Tˆ~σ =
n(~σ)−1∑
j,l=0
gcd(σj ,σl)−1∑
jˆ=0
Ljˆaj;−jˆ,bl(~σ) : Jˆ
(
jˆσj
gcd(σj,σl)
)
aj Jˆ
(−
jˆσl
gcd(σj ,σl)
)
bl : (8.22a)
L → Ljˆaj;−jˆ,bl(~σ) = λab δ
jl
σj
+ labδjˆ,0 (8.22b)
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follows as a special case of the general Virasoro construction (2.31). Here z =gcd(x, y) is the
greatest integer such that x/z and y/z are also integers. Combining (8.22a) and (8.22b), we
find a more transparent form of these stress tensors
Tˆ~σ = λ
ab
n(~σ)−1∑
j=0
1
σj
σj−1∑
jˆ=0
: Jˆ
(jˆ)
aj Jˆ
(−jˆ)
bj : +l
ab
n(~σ)−1∑
j,l=0
: Jˆ
(0)
aj Jˆ
(0)
bl : (8.23a)
L~σ(m) =
∑
p∈Z
{λab
n(~σ)−1∑
j=0
1
σj
σj−1∑
jˆ=0
: Jˆ
(jˆ)
aj (p+
jˆ
σj
)Jˆ
(−jˆ)
bj (m− p− jˆσj ) :
+ lab
n(~σ)−1∑
j,l=0
: Jˆ
(0)
aj (p)Jˆ
(0)
bl (m− p) :} (8.23b)
cˆ(~σ) = c = 2Nkηab(λ
ab + lab) (8.23c)
∆ˆ0(~σ) =
kηabλ
ab
12
n(~σ)−1∑
j=0
(σj − 1
σj
) =
kηabλ
ab
12
(N −
n(~σ)−1∑
j=0
1
σj
) . (8.23d)
The ground state conformal weight of sector ~σ is given in (8.23d).
The result (8.23d) for the ground state conformal weights of A(SN)/SN is in agreement
with our earlier result (7.12b). To see this, start with (7.12b) and follow the steps
∆ˆ0(σ) = kηabλ
ab
∑
r
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
) dim[n¯(r)] = kηabλ
ab
∑
r,µ(r)
n¯(r)
2ρ(σ)
(1− n¯(r)
ρ(σ)
)
= kηabλ
ab
n(~σ)−1∑
j=0
σj−1∑
jˆ=0
jˆ
2σj
(1− jˆ
σj
) =
kηabλ
ab
12
n(~σ)−1∑
j=0
(σj − 1
σj
) . (8.24)
Here we have used Eq. (8.15) in the fundamental range (where ¯ˆj = jˆ) and the identities
∑
µ(r)
= dim[n¯(r)],
∑
r,µ(r)
=
n(~σ)−1∑
j=0
σj−1∑
jˆ=0
(8.25)
to convert from the notation of Sec. 7 to the present notation. As examples, the cases
A(S3)/S3 and A(S4)/S4 are further discussed in App. F.
9 The Inner-Automorphic Orbifolds A(H(d))/H(d)
Our next large example is the set of allv inner-automorphic orbifolds A(H(d))/H(d), where
A(H(d)) is any inner automorphic invariant CFT. The story of these orbifolds is particularly
vThe special case of inner-automorphic WZW orbifolds has been considered in Refs. 40, 48, 30, 49, 14
and 18, and inner-automorphic coset orbifolds were also considered in Ref. 30.
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interesting, not least because of their overlap with the orbifolds A(Lieh(H))/H . Indeed, we
will argue that this overlap contains almost all the inner-automorphic orbifolds which can
be equivalently described by stress-tensor spectral flow29,30,26,25 whereas the generic inner-
automorphic orbifold apparently can not be described in this way.
9.1 Inner Automorphisms of simple g
We begin in the Cartan-Weyl basis of the general affine algebra on simple g
Gab = kηab, ηab = ρ
b
a =
(
δAB 0
0 δα+β,0
)
(9.1a)
HA(z)HB(w) =
kδAB
(z − w)2 +O((z−w)
0), HA(z)Eα(w) =
αAEα(w)
z − w +O((z−w)
0) (9.1b)
Eα(z)Eβ(w) =


Nγ(α,β)Eγ(w)
z−w
+O((z − w)0) if α + β = γ
k
(z−w)2
+ α·H(w)
z−w
+O((z − w)0) if α + β = 0
O((z − w)0) otherwise
(9.1c)
a = (A, α), A, B = 1, ..., rankg, α, β, γ ∈ ∆(g) . (9.1d)
In this basis, the action of the general group H(d) of inner automorphisms has the form
H(d) ⊂ LieG ⊂ Aut(g) (9.2a)
HA(z)
′ = HA(z), Eα(z)
′ = e2πiσα·dEα(z) (9.2b)
σ = 0, ..., ρ(1)− 1, Nc = ρ(1) (9.2c)
where LieG is (the action in the adjoint of) the Lie group whose algebra is Lie g and ρ(1) =
ρ(σ = 1) is the order of the σ = 1 element of H(d). The general formw of the vector d
d =
2
N
rankg∑
i=1
qiλi
α2i
, N ∈ Z+, qi ∈ Z+ (9.3a)
αi · λj = α
2
i
2
δij , gcd(N, q1, ..., qrankg) = 1 (9.3b)
gives ρ(1) = N . Here {αi} and {λi} are the simple roots and weights of g, and z = gcd({xn})
is the greatest integer such that (xn/z) ∈ Z+ for all n. Note that d is inversely proportional
to the length of the highest root. For σ ≥ 2 one finds that ρ(σ) = ρ(1)/gcd(σ, ρ(1)), which
holds for all cyclic groups. As an example, the grade automorphism is discussed in App. G.
wFurther discussion of the allowed vectors d is given in Ref. 48. More general forms of the vector d
describe automorphism groups of infinite order. Our results below are well defined in this case, leading at
least formally to orbifolds with an infinite number of sectors σ = 0, 1, ...∞.
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We also need the H-invariance condition (2.7a) for the inverse inertia tensor in this case:
LAα(1− e2πiσα·d) = 0, Lαβ(1− e2πiσ(α+β)·d) = 0, no restriction on LAB (9.4a)
σ = 0, ..., ρ(1)− 1 . (9.4b)
This gives the stress tensors of the inner automorphic invariant CFT’s A(H(d))
T = Lab : JaJb :, L
ab = Lba (9.5a)
LAα = 0 unless α · d ∈ Z, Lαβ = 0 unless (α + β) · d ∈ Z (9.5b)
where (9.5b) is the solution of (9.4a).
As a simple example, the affine-Sugawara construction29,36−39,25 on g
Tg = L
ab
g : JaJb :, L
AB
g =
δAB
2k +Qψ
, Lαβg =
δα+β,0
2k +Qψ
,
∑
α
αAαB = QψδAB (9.6)
describes an H(d)-invariant CFT for any H(d). When we have in mind a particular H(d),
we say that the affine-Sugawara construction describes the H(d)-invariant CFT Ag(H(d)).
9.2 Inner-automorphically twisted currents
The action of the automorphism group H(d) in (9.2) is already diagonal, so the eigenvalues,
spectral indices n(r) and twist classes n¯(r) read
En(r) = e
− 2piin(r)
ρ(σ) = e2πiσα·d, σ = 0, ..., ρ(1)− 1 (9.7a)
n(r)→ nα = −ρ(σ)σα · d, nA = 0 (9.7b)
n¯α = −ρ(σ)(σα · d+ ⌊−σα · d⌋), n¯A = 0 (9.7c)
where (9.7c) is obtained from (2.16). By the same token, we may choose
U(σ) = U †(σ) = 1, χ(σ) = 1 → Ja(σ) = Ja, a = 1, ..., dimg (9.8)
so that the eigencurrents J are the untwisted currents J . It follows that the twisted tensors
of the general inner-automorphic orbifold A(H(d))/H(d) are identical to the tensors of the
untwisted sector
F cab (σ) = f cab , Gab(σ) = Gab, Lab(σ) = Lab, R ba (σ) = ρ ba . (9.9)
Then, the L-selection rule (2.37a) is nothing but the H-invariance of L in (9.4), and the G-
and F -selection rules in (2.26b) and (2.27d) are automatically satisfied by the metric and
structure constants in the Cartan-Weyl basis.
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Then Eq. (2.22) gives the inner-automorphically twisted current system of sector σ
HˆA(z)HˆB(w) =
kδAB
(z − w)2+O((z−w)
0), HˆA(z)Eˆα(w) =
αAEˆα(w)
z − w +O((z−w)
0) (9.10a)
Eˆα(z)Eˆβ(w) =


Nγ(α,β)Eˆγ (w)
z−w
+O((z − w)0) if α + β = γ
k
(z−w)2
+ α·Hˆ(w)
z−w
+O((z − w)0) if α + β = 0
O((z − w)0) otherwise
(9.10b)
Eˆα(ze
2πi) = e2πiσα·dEˆα(z), HˆA(ze
2πi) = HˆA(z) (9.10c)
A,B = 1, ..., rankg, α, β, γ ∈ ∆(g) (9.10d)
of each orbifold A(H(d))/H(d). Here we have suppressed our usual labeling by the spectral
indices of the twisted currents, but the monodromies (9.10c) are recorded in the modes
HˆA(z) =
∑
m∈Z
HˆA(m)z
−m−1, Eˆα(z) =
∑
m∈Z
Eˆα(m− σα · d)z−(m−σα·d)−1 . (9.11)
These expansions lead to the twisted current algebra gˆ(σ) = gˆ(H(d) ⊂ Aut(g); σ)
[HˆA(m), HˆB(n)] = kmδABδm+n,0, [HˆA(m), Eˆα(n−σα·d)] = αAEˆα(m+n−σα·d) (9.12a)
[Eˆα(m− σα · d), Eˆβ(n− σβ · d)] =


Nγ(α, β)Eˆγ(m+ n− σγ · d) if α + β = γ
α · Hˆ(m+ n) + k(m− σα · d)δm+n,0 if α + β = 0
0 otherwise
(9.12b)
A,B = 1, ..., rankg, α, β, γ ∈ ∆(g), σ = 0, ..., ρ(1)− 1 (9.12c)
which is a special case of the general twisted current algebra (3.4). As expected, this algebra
is a sector-dependent set of inner-automorphically twisted40,41,30,42 affine Lie algebras, and
we note that, in this case, the integral affine subalgebra gˆ(0)(σ) of each sector is at least the
affine Cartan subalgebra.
The adjoint of the twisted currents
HˆA(m)
† = HˆA(−m), Eˆα(m− σα · d)† = Eˆ−α(−m+ σα · d) (9.13)
follows from the orbifold adjoint operation (4.4a), using R(σ) = ρ in this case, and we know
from the orbifold induction procedure for inner-automorphic twists40,41,30,42 that this adjoint
guarantees unitarity of the orbifolds A(H(d))/H(d) when the CFT A(H(d)) is unitary.
In this case, it is convenient for our discussion below to chooseM ′ ordering (mode ordering
with respect to m ∈ Z) defined in App. H. This gives the exact operator products
HˆA(z)HˆB(w) =
kδAB
(z − w)2+ : HˆA(z)HˆB(w) :M ′ (9.14a)
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HˆA(z)Eˆα(w) =
αAEˆα(w)
z − w + : HˆA(z)Eˆα(w) :M ′ (9.14b)
Eˆα(z)Eˆβ(w) = : Eˆα(z)Eˆβ(w) :M ′ +


( z
w
)σα·d Nγ(α,β)Eˆγ(w)
z−w
if α + β = γ
( z
w
)σα·d[ k
(z−w)2
− kσα·d
w(z−w)
+ α·Hˆ(w)
z−w
] if α + β = 0
0 otherwise
(9.14c)
A,B = 1, ..., rankg, α, β, γ ∈ ∆(g) (9.14d)
and then the relations
: HˆA(z)HˆB(z) : = : HˆA(z)HˆB(z) :M ′, : HˆA(z)Eˆα(z) : = : HˆA(z)Eˆα(w) :M ′ (9.15a)
: Eˆα(z)Eˆβ(z) : = : Eˆα(z)Eˆβ(z) :M ′ +


σα·d
z
Nγ(α, β)Eˆγ(z) if α + β = γ
σα·d
z
α · Hˆ(z)− kσα·d(σα·d+1)
2z2
if α + β = 0
0 otherwise
(9.15b)
express the OPE normal ordered products in terms of M ′ ordering.
9.3 The Virasoro generators of A(H(d))/H(d)
For each inner-automorphic orbifold A(H(d))/H(d), the stress tensor of twisted sector σ
Tˆσ = L
ab : JˆaJˆb : = : (L
ABHˆAHˆB + L
Aα(HˆAEˆα + EˆαHˆA) + L
αβEˆαEˆβ) : (9.16)
is obtained from (2.39a), (9.5) and (9.9). For these orbifolds, all the sector dependence of
Tˆσ resides in the twisted currents.
With M ′ ordering, the corresponding Virasoro generators of sector σ are
Lσ(m) = L
q
σ(m) + L
l
σ(m)− δm,0
k
2
∑
α
Lα,−α(σα · d)2 (9.17a)
Lqσ(m) ≡
∑
p∈Z
{
∑
A,B
LAB : HˆA(p)HˆB(m− p) :M ′ (9.17b)
+
∑
A,α
LAα : [HˆA(p)Eˆα((m− p+ σα · d)− σα · d)
+Eˆα((p+ σα · d)− σα · d)HˆA(m− p)] :M ′
+
∑
α,β
Lαβ : Eˆα(p− σα · d)Eˆβ((m− p+ σ(α + β) · d)− σβ · d) :M ′}
Llσ(m) ≡
∑
α+β=γ
LαβNγ(α, β)(σα · d)Eˆγ((m+ σγ · d)− σγ · d) (9.17c)
+
∑
α
Lα,−α(σα · d)α · Hˆ(m)
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LAα = 0 unless α · d ∈ Z, Lαβ = 0 unless (α+ β) · d ∈ Z, σ = 0, ..., ρ(1)− 1 (9.17d)
where q and l label the terms quadratic and linear in the twisted current modes. The result
(9.17) follows from (9.11), (9.15) and (9.16), or as a special case of the general M ′-ordered
orbifold Virasoro generators in (H.2c). In this result, we have written the arguments of the
twisted root operators in the form
Eˆα((integer)− σα · d) (9.18)
to exhibit their proper modeing. To see that the quantities in the inner parentheses are
integers, one must usex the solutions (9.17d) of the L-selection rules.
As a simple example of (9.17), we use the affine-Sugawara construction (9.6) to obtain
the Virasoro generators of the general inner-automorphic WZW orbifold:
Ag(H(d))
H(d)
, σ = 0, ..., ρ(1)− 1 (9.19a)
(2k +Qψ)L
gˆ(σ)
σ (m) =
∑
p∈Z
{:
∑
α
Eˆα(p− σα · d)Eˆ−α(m− p+ σα · d) :M ′ (9.19b)
+
∑
A
: HˆA(p)HˆA(m− p) :M ′}+Qψ{σd · Hˆ(m)− δm,0k
2
σ2d2}
[Lgˆ(σ)σ (m), HˆA(n)] = −nHˆA(m+ n) (9.19c)
[Lgˆ(σ)σ (m), Eˆα(n− σα · d)] = −(n− σα · d)Eˆα(m+ n− σα · d) . (9.19d)
This result (including the fact that Eˆ, Hˆ are twisted (1, 0) operators) is a special case
of the result given for the general WZW orbifold in Eq. (6.23). In sector σ, the orbifold
affine-Sugawara construction L
gˆ(σ)
σ is equivalent (with σd→ d) to the inner-automorphically
twisted affine-Sugawara construction of Refs. 40 and 30.
Other special cases included in the result (9.17) are the Virasoro generators of the general
inner-automorphic coset orbifold
g
h
(H(d))
H(d)
⊂ A(H(d))
H(d)
. (9.20)
These orbifolds were discussed at the level of stress-tensor spectral flow in Ref. 30.
xFor example, consider the term proportional to EˆαEˆβ in Eq. (9.17b). The quantity in the inner paren-
theses of Eˆβ is an integer because the solution of the L
αβ selection rule allows the term to contribute only
when σ(α+ β) · d ∈ Z. This term can also be written simply as LαβEˆα(p− σα · d)Eˆβ(m− p+ σα · d). Since
this term can contribute only when Eˆβ is in the twist class of Eˆ−α, the simple expression is actually in the
form Jˆn(r)Jˆ−n(r) of the general result (H.2c). Similarly, all the other terms in (9.17) can be put in the form
of (H.2c).
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9.4 Action on the untwisted affine vacuum
In this and the following subsection, we study the action of the orbifold Virasoro generators
(9.17) on a particular state |0〉 which satisfies
(HˆA(m)− δm,0σkdA)|0〉 = Eˆα(m− σα · d)|0〉 = 0 when m ≥ 0 . (9.21)
According to the orbifold induction procedure40,41,30,42 for inner-automorphically twisted
affine Lie algebras, the state |0〉 is the untwisted affine vacuum (see Eq. (9.26b)). (Except
for small {σα ·d}, the untwisted affine vacuum |0〉 is not the true ground state |0〉σ of twisted
sector σ, but, so far as we know, identification of the true ground state is an unsolved
problem.) As emphasized in Ref. 30, the untwisted affine vacuum |0〉 is a twisted affine
highest weight state only so long as σα · d > −1 for all α ∈ ∆(g). One may compute
〈0|Lσ(m)|0〉 = δm,0 {k2
∑
A,B
LAB(σdA)(σdB) +
k
2
∑
α
Lα,−α(σα · d)2} (9.22)
for all {σα · d}, but, as also emphasized in Ref. 30, |0〉 is not Virasoro primary in general
unless σα · d > −1 for all α ∈ ∆(g).
This situation can presumably be avoided by computing on twisted affine primary states
or, as we will study here, by choosing only LAB and Lα,−α not equal to zero in (9.17). In
this case, we find that |0〉 is Virasoro primary
Lσ(m) =
∑
p∈Z
∑
A,B
LAB : HˆA(p)HˆB(m− p) :M ′ (9.23a)
+
∑
α
Lα,−α{
∑
p∈Z
: Eˆα(p−σα ·d)Eˆ−α(m−p+σα ·d) :M ′ +σα ·d(α ·Hˆ(m)−δm,0σα ·d)}
Lσ(m ≥ 0)|0〉 = δm,0∆ˆ0(L, d; σ)|0〉, σ = 1, ..., ρ(1)− 1 (9.23b)
∆ˆ0(L, d; σ) = k
2
∑
A,B
LAB(σdA)(σdB) +
k
2
∑
α
Lα,−α(σα · d)2 (9.23c)
without restriction on {σα · d}. Recall from (9.5b) that there is no H-invariance restriction
on LAB or Lα,−α.
9.5 Connection with spectral flow
When there is an orbifold induction procedure, one may rewrite orbifold Virasoro generators
in terms of untwisted current modesy Ja(m) which satisfy (2.1b). Such procedures are known
yThe inverse of this unconventional step30 was introduced by Freericks and Halpern, who studied the
twisted current formulation of inner-automorphic WZW orbifolds starting from the spectral flow discussed
below.
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for inner-automorphically twisted affine Lie algebra40,41,30,42 and orbifold affine algebra15
HˆA(m) = HA(m) + δm,0kσdA, Eˆα(m− σα · d) = Eα(m) (9.24a)
Jˆ
(r)
aj (m+
r
ρ(σ)
) = Jaj(ρ(σ)m+ r), r = 0, ..., ρ(σ)− 1 (9.24b)
as well as the doubly-twisted affine algebras22,19 which combine (9.24a) and (9.24b).
As discussed in App. I, rewriting orbifold stress tensors in terms of untwisted currents
leads to generically exotic and unfamiliar forms of the Virasoro generators Lσ(m). In these
forms one sees a generic mode imbalance, in which the modes of the untwisted currents do
not sum to the integer m.
We rewrite here only the special case LAB, Lα,−α 6= 0 of the inner-automorphic orbifolds
in (9.23), which avoids this mode imbalance phenomenon. In this case one finds
Lσ(m) = L(m) +D(L, d; σ) ·H(m) + δm,0∆ˆ0(L, d; σ), σ = 0, ..., ρ(1)− 1 (9.25a)
L(m) ≡
∑
p∈Z
{
∑
A,B
LAB : HA(p)HB(m− p) : +
∑
α
Lα,−α : Eα(p)E−α(m− p) :} (9.25b)
D(L, d; σ)A ≡ σ
∑
B
dBM(L)
BA, M(L)AB = 2kLAB +
∑
α
Lα,−ααAαB (9.25c)
(Lσ(m ≥ 0)− δm,0∆ˆ0(L, d; σ))|0〉 = 0, ∆ˆ0(L, d; σ) = kσ
2
2
∑
AB
dAdBM(L)
AB (9.25d)
where the matrix M(L)AB is δACM(L) BC and M(L)
B
A is the Cartan block of M(L)
b
a in
(5.1c). In (9.25d), the conformal weight ∆ˆ0(L, d; σ) of the untwisted affine vacuum |0〉 is the
same as that given in (9.23c). All the current modes in (9.25) are untwisted and we have
written the operator L(m) in (9.25b) as an OPE normal ordered product
: Ja(m)Jb(n) : = : Ja(m)Jb(n) :M ′ = θ(m ≥ 0)Jb(n)Ja(m) + θ(m ≤ 0)Ja(m)Jb(n) (9.26a)
HA(m ≥ 0)|0〉 = Eα(m ≥ 0)|0〉 = L(m ≥ −1)|0〉 = 0 (9.26b)
although OPE normal ordering is the same as M ′ ordering for untwisted currents.
The form (9.25) (but not the more general case in (I.1)) provides an opportunity to
check some results of the orbifold program against known results in affine-Virasoro the-
ory. In particular, we want to compare the result (9.25) to the general c-fixed conformal
deformation29,30,26,25 of the general affine-Virasoro construction:
L(m;D) = Lab
∑
p∈Z
: Ja(p)Jb(m− p) : +DaJa(m) + ∆0(D)δm,0 (9.27a)
Lab = 2LacGcdL
db − LcdLeff ace f bdf − Lcdf fcd f (adf Lb)e, c(D) = c = 2GabLab (9.27b)
DbM(L) ab = D
a, M(L) ba = 2GacL
cb + f ead L
dcf bce (9.27c)
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(L(m ≥ 0;D)− δm,0∆0(D))|0〉 = 0, ∆0(D) = 1
2
GabD
aDb . (9.27d)
Here the first term in (9.27a) is the undeformed affine-Virasoro construction with central
charge c, and ∆0(D) is the conformal weight of the untwisted affine vacuum |0〉 under the
deformed Virasoro L(m;D) as a function of the deformation D. The matrix M(L) in (9.27c)
is the same matrix defined in (5.1c), and the eigenvector condition DM(L) = D constrains
the allowed values of the deformation D. The eigenvector condition is equivalent to the
requirement that D · J is a (1, 0) operator of the undeformed Virasoro. Because the scale
of D is not fixed by the eigenvector condition, the c-fixed conformal deformations are also
called stress-tensor spectral flow 29,30,26,25 which is equivalent30 to inner-automorphic twisting
or spectral flow of the underlying currents.40,41,30,42 The first example of stress-tensor spectral
flow was given by Bardakci and Halpern in Ref. 29.
To begin this comparison, we note first that the orbifold result (9.25) must be in the
spectral flow (9.27), with the identifications
Lσ=0(m) = L(m) = L(m;D = 0), L
ab = {LAB, Lα,−α}, cˆ(σ) = c(D) = c (9.28a)
DA = D(L, d; σ)A, Dα = 0, ∆0(D) = ∆ˆ0(L, d; σ) (9.28b)
because the first term L(m) in (9.25a) is precisely the Virasoro generator Lσ=0(m) we started
with in the untwisted sector of each orbifold. For the affine-Sugawara construction on g in
(9.6), the two systems (9.25) and (9.27) are indeed equivalent with
Lgˆ(σ)σ (m) = Lg(m;Dg) =
ηab
2k +Qψ
∑
p∈Z
: Ja(p)Jb(m− p) : +DAg JA(m) + ∆0(Dg)δm,0 (9.29a)
M(Lg)
b
a = δ
b
a , D
A
g = D(Lg, d; σ) = σd
A, ∆0(Dg) = ∆ˆ0(Lg, d; σ) =
k
2
D2g (9.29b)
cˆg(σ) = cg(D) = cg, a = 1, ..., dimg, A = 1, ..., rankg, σ = 0, ..., ρ(1)− 1 (9.29c)
and these Virasoro generators are also the same as those in (9.19). For arbitrary Dg the
result (9.29) is the canonical example of stress-tensor spectral flow first studied by Freericks
and Halpern in Ref. 30, and applied more recently in Refs. 14 and 50. As emphasized in
Ref. 30, the orbifold sectors in (9.29) are special points of the spectral flow.
But the more general identification given in (9.28) is surprising because the “deformation”
D(L, d; σ) in (9.25c) is a function of the inverse inertia tensor Lab and it is not obvious that
the conformal weight ∆ˆ0(L, d; σ) in (9.25d) of the untwisted affine vacuum agrees with the
spectral flow form ∆0(D) in (9.27d).
The key to understanding this identification is an unsuspectedz Lie h invariance in the
Virasoro generators Lσ=0(m) of the untwisted sectors of these orbifolds!
zMotivation for a Lie h invariance of the orbifold Virasoro generators Lσ=0(m) = L(m;D = 0) comes
from the spectral-flow side of the identification: Lie h-invariant CFT’s with a non-trivial global component
h1 (see (6.5)) are the only known CFT’s with (1,0) operators. Conversely, for any Lie h-invariant CFT,
arbitrary deformation by the (1,0) operators of h1 automatically solve the spectral flow system (9.27).
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To see this Lie invariance, one must verify the identity
δAL
ab ≡ Lc(af b)cA = −iN(L) abA = 0, A = 1, ..., rankg (9.30)
which follows (when only LAB and Lα,−α are non-zero) from the form of the structure con-
stants in the Cartan-Weyl basis. The identity (9.30) tells us (see Subsec. 6.1) that the subset
LAB, Lα,−α 6= 0 of inverse inertia tensors in A(H(d)) also has a Lie symmetry
Lieh = Cartan g (9.31)
in addition to the inner-automorphic invariance H(d).
In the nomenclature of Subsec. 6.2, we have shown that Lσ=0(m) = L(m) in (9.28a)
describes a large set of doubly-invariant or (H and Lie h)-invariant CFT’s which we will call
A(Cartan g(H(d))) ⊂ A(H(d)), A(Cartan g(H(d))) ⊂ A(Lieh) . (9.32)
It follows that the orbifold Virasoro generators Lσ(m) in (9.23) or (9.25) describe the orbifolds
A(Cartan g(H(d)))
H(d)
⊂ A(H(d))
H(d)
,
A(Cartan g(H(d)))
H(d)
⊂ A(Lieh(H))
H
(9.33)
by H(d) of the doubly-invariant CFT’s A(Cartan g(H(d))).
Returning to the untwisted sectors, the Cartan invariance (9.30) implies that
M(L) CA M(L)
B
C =M(L)
B
A , M(L)
α
A = 0 (9.34a)
[L(m), HA(n)] = −nM(L) BA HB(m+ n) (9.34b)
[L(m), DA(L, d; σ)HA(n)] = −nD(L, d; σ)AHA(m+ n) (9.34c)
at least for unitary CFT’s,45,23 where (9.34a,b) are special cases of the general properties
of Lie h-invariant CFT’s in (6.4). The relation (9.34c), which follows from (9.25c) and
(9.34a,b), says that D ·H is a (1, 0) operator of the undeformed Virasoro. As noted above,
this means that DA(L, d; σ) solves the eigenvector condition forD in (9.27c). More explicitly,
the eigenvector condition in (9.27c) takes the form
σ
∑
B
dB {M(L) AB −
∑
C
M(L) CB M(L)
A
C } = 0 (9.35)
upon substitution of D(L, d; σ) for D. Then, using M2 = M in (9.34a), we see that the
eigevector condition is satisfied identically for arbitrary σ and d.
Finally, the equality of the conformal weights
∆0(D = D(L, d; σ)) =
1
2
kD2(L, d; σ) = ∆ˆ0(L, d; σ) (9.36)
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is established by using the definition of D(L, d; σ) in (9.25c) and M2 = M in (9.34a). This
completes our check that, at least for unitary A(Cartan g(H(d))), the orbifold systems (9.25)
are points in the general spectral flow (9.27).
We close this section with a number of remarks:
• Conditions on the vector d. The vector d is determined in the orbifolds by the choice of
H(d), but, as we saw in (9.35), the vector d is not determined by the eigenvector condition
(9.27c) for the spectral flow. This is of course the phenomenon described by Freericks and
Halpern in their original study30 of inner-automorphic orbifolds as special points of stress-
tensor spectral flow.
• Unitarity revisited. In fact, the Lie h relations (9.34) – and hence the conclusions above
for the orbifolds – can be checked directly, without using unitarity. The Lie h relations
N(L) bcA = 0 and M
α
A = 0 (which are necessary for (9.34b)) follow immediately from
LAB, Lα,−α 6= 0. To check the last Lie h relation M2 = M in (9.34a) we need the reduced
Virasoro master equation of the doubly-invariant CFT’s A(Cartan g(H(d)))
LAB = 2k
∑
D
LADLDB −
∑
α
(Lα,−α)2αAαB +
∑
α,D
Lα,−ααDLD(AαB) (9.37a)
Lα,−α = 2(k + α2)(Lα,−α)2 +
∑
β+γ=α
(2Lα,−α − Lγ,−γ)Lβ,−βN2α(β, γ) (9.37b)
c = 2k(
∑
A
LAA +
∑
α
Lα,−α) (9.37c)
where the structure constants Nγ(α, β) are defined in (9.1). The inverse inertia tensors of
A(Cartan g(H(d))) are controlled entirely by this system because there are no H-invariance
restrictions on LAB, Lα,−α 6= 0. The reduced Virasoro master equation (9.37) is a consis-
tent subansatz of the Virasoro master equation, with the generically-expected number of
inequivalent solutions at each level
N(g) = 2n(g) = 2
1
2
((rankg)2+dimg) (9.38)
where n(g) is the number of equations and unknowns in the system.
Using the reduced master equation (9.37) to eliminate terms linear in L, we find that the
relation M2 =M in (9.34a) can be reduced to the consistency relation
∑
α,β
αAβBLα,−αLβ,−β(α · β) =
∑
α
αAαB{2α2(Lα,−α)2 +
∑
β+γ=α
2Lα,−αLβ,−βN2α(β, γ)
−
∑
β+γ=α
Lγ,−γLβ,−βN2α(β, γ)} (9.39)
and this relation is in fact an identity because
Nγ(α, β) = N−β(−γ, α) = −N−γ(−α,−β) (9.40a)
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α · β = (δ−α+β,0 − δα+β,0)α2 + δ−α+β,γ′N2γ′(−α, β)− δα+β,γN2γ (α, β) (9.40b)
where (9.40b) follows from the Jacobi identity of Lie g. This completes the check that the
Lie h relations (9.34) are true independent of unitarity, and we conjecture that the general
Lie h relations in (6.4) are similarly true independent of unitarity.
• K-conjugation in spectral flow. We note that orbifold K-conjugation
Lσ(m;D(L, d; σ)) + L˜σ(m;D(L˜, d; σ)) = L
gˆ(σ)
σ (m;D(Lg, d; σ)) (9.41a)
L+ L˜ = Lg, c+ c˜ = cg, [Lσ(m;D(L, d; σ)), L˜σ(n;D(L˜, d; σ))] = 0 (9.41b)
holds for the special points of the stress-tensor spectral flow which describe the orbifolds
A(Cartan g(H(d)))/H(d). Here the modes of L
gˆ(σ)
σ are given in Eq. (9.29), and (9.41) is a
special case of the general orbifold K-conjugation in (6.27). Eq. (9.41) is the first observation
of K-conjugation in stress-tensor spectral flow, and K-conjugation in the general spectral
flow (9.27) deserves further study.
• Twisted h currents. We return for a moment to the twisted current formulation of the
orbifolds A(Cartan g(H(d)))/H(d). Another consequence of the Lieh =Cartan g invariance
of A(Cartan g(H(d))) is the orbifold statement
[Lσ(m), HˆA(n)] = −nM(L) BA HˆB(m+ n), A = 1, ..., rankg, σ = ρ(1)− 1 (9.42)
where Lσ(m) is given in (9.23) and HˆA(m) are the Cartan modes of sector σ. In a left
eigenbasis of M(L), Eq. (9.42) is a special case of the more general result (6.21).
• Beyond spectral flow. We have seen that A(Cartan g(H(d)))/H(d) is a large subset
of inner-automorphic orbifolds which can also be described by stress-tensor spectral flow.
We emphasize however that Eqs. (9.17) and (I.1) contain the Virasoro generators of a much
larger class of inner-automorphic orbifolds which apparently (due to the mode-imbalance
phenomenon discussed in App. I) can not be described by spectral flow.
• SL(2,R) WZW models. We finally note that the stress tensors proposed for SL(2,R)
WZW models in Ref. 50 are special cases (with σα · d ∈ Z for g = SL(2,R)) of the inner-
automorphic WZW orbifold stress tensors (9.19) or (9.29).
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Appendix A. Incorporation of the Selection Rules
In this appendix we incorporate the solutions of various selection rules to obtain reduced
forms of relations in the text.
For example, we may combine the solution (2.27e) of the F -selection rule and the Jacobi
identity (2.27b) for F to obtain the reduced form of the Jacobi identity∑
µ′
{F n(r)+n(s),µ′n(r)µ;n(s)ν (σ)F n(r)+n(s)+n(t),γn(t)δ;n(r)+n(s),µ′ (σ)
+F n(r)+n(t),µ′n(t)δ;n(r)µ (σ)F n(r)+n(s)+n(t),γn(s)ν;n(r)+n(t),µ′ (σ)
+ F n(s)+n(t),µ′n(s)ν;n(t)δ (σ)F n(r)+n(s)+n(t),γn(r)µ;n(s)+n(t),µ′ (σ)} = 0 (A.1)
in which no spectral indices are summed. Similarly the solution of the F -selection rule and
(2.27c) imply the relation
Fn(r)µ;n(s)ν;−(n(r)+n(s)),δ(σ) = −Fn(r)µ;−(n(r)+n(s)),δ;n(s)ν (A.2)
among the reduced, twisted totally-antisymmetric structure constants of sector σ. The
relations (A.1) and (A.2) are found to guarantee the Jacobi identity of the general twisted
current algebra gˆ(σ) in Eq. (3.4).
Using the solution (4.1e) of the selection rule for the orbifold conjugation matrix R, we
obtain the reduced form of (4.1c)∑
δ
R −n(r),δn(r)µ (σ)R n(r)ν−n(r),δ (σ)∗ =
∑
δ
R −n(r),δn(r)µ (σ)∗R n(r)ν−n(r),δ (σ) = δ νµ (A.3)
which is needed to verify Eq. (4.4b).
Similarly, the reduced forms of (4.2a), (4.2b) and (4.2c)
Gn(r)µ;−n(r),ν(σ)∗ =
∑
µ′,ν′
R −n(r),µ′n(r)µ (σ)R n(r)ν
′
−n(r),ν (σ)G−n(r),µ′;n(r)ν′(σ) (A.4a)
F 0δn(r)µ;−n(r),ν (σ)∗ =
∑
µ′,ν′,δ′
R −n(r),µ′n(r)µ (σ)R n(r)ν
′
−n(r),ν (σ)F 0δ
′
−n(r),µ′;n(r)ν′ (σ)R 0δ0δ′ (σ)∗
(A.4b)
Ln(r)µ;−n(r),ν(σ)∗ =
∑
µ′,ν′
L−n(r),µ′;n(r)ν′(σ)R n(r)µ−n(r),µ′ (σ)∗R −n(r),νn(r)ν′ (σ)∗ (A.4c)
are needed to verify (4.7) and (7.6), and to check the consistency of (4.5).
Appendix B. The Projectors of A(H)/H
The projectors P(n¯(r); σ) onto the n¯(r) subspaces of sector σ,
P(n¯(r); σ) ba ≡
∑
µ
U †(σ) n(r)µa U(σ)
b
n(r)µ , P(n¯(r); σ) aa = dim[n¯(r)] (B.1a)
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P(n¯(r)± ρ(σ); σ) = P(n¯(r); σ), P(−n¯(r); σ) = P(ρ(σ)− n¯(r); σ) (B.1b)
P(n¯(r); σ) P(n¯(s); σ) = δ n(s)n(r) P(n¯(r); σ),
∑
r
P(n¯(r); σ) = 1 (B.1c)
ω(hσ) =
∑
r
En(r)(σ)P(n¯(r); σ), [ω(hσ),P(n¯(r); σ)] = 0 (B.1d)
P(n¯(r); σ) ca P(n¯(s); σ) db Gcd(1− En(r)En(s)) = 0 (B.1e)
P(n¯(r); σ) da P(n¯(s); σ) eb f fde P(n¯(t); σ) cf (1− En(r)En(s)E∗n(t)) = 0 (B.1f)
LabP(n¯(r); σ) ca P(−n¯(r); σ) db Gcd = LacGcbP(n¯(r); σ) ba (B.1g)
are defined for all orbifolds A(H)/H . The identity in (B.1g) can be proven by using duality
transformations to write out
∑
r,s,µ,ν f(n(r))Ln(r)µ;n(s)νGn(r)µ;n(s)ν in two ways, both with
and without the selection rules, for arbitrary periodic f . These projectors were encountered
in Sec. 7 and will play a central role in App. C.
Appendix C. A Constrained Basis for Twisted Currents
We consider another basis for the twisted currents of A(H)/H
Jˆn(r)a (m+
n(r)
ρ(σ)) ≡
∑
µ
χ(σ)−1
n(r)µU
†(σ) n(r)µa Jˆn(r)µ(m+
n(r)
ρ(σ) ) (C.1a)
Jˆn(r)a (m+
n(r)
ρ(σ) )
† = ρ ba Jˆ
−n(r)
b (−m− n(r)ρ(σ) ) (C.1b)
P(n¯(s); σ) ba Jˆn(r)b (m+ n(r)ρ(σ) ) = Jˆn(s)a (m+ n(s)ρ(σ) ) δ n(r)n(s) (C.1c)
a = 1, ..., dimg, n¯(r) ∈ {0, ..., ρ(σ)− 1} (C.1d)
where {P(n¯(r); σ)} is the set of projectors in App. B. These twisted currents carry the
original Lie algebra index a, but the basis is overcomplete with the constraints (C.1c).
In this basis, the twisted current algebra and the orbifold stress tensors take the form
Tˆσ(z) =
∑
r
Lab : Jˆ n(r)a (z)Jˆ
−n(r)
b (z) : (C.2a)
Jˆn(r)a (z) =
∑
m∈Z
Jˆn(r)a (m+
n(r)
ρ(σ) )z
−(m+n(r)
ρ(σ)
)−1
, Jˆn(r)a (ze
2πi) = En(r)(σ)Jˆ
n(r)
a (z) (C.2b)
[Jˆn(r)a (m+
n(r)
ρ(σ) ), Jˆ
n(s)
b (n+
n(s)
ρ(σ) )] = P(n¯(r); σ) ca P(n¯(s); σ) db {(m+ n(r)ρ(σ))Gcdδm+n+n(r)+n(s)
ρ(σ)
,0
+ if ecd Jˆ
n(r)+n(s)
e (m+ n +
n(r)+n(s)
ρ(σ) )} (C.2c)
where Lab is the H-invariant inverse inertia tensor of the untwisted sector of the orbifold.
The Jacobi identity for (C.2c) is verified with the selection rules (B.1e,f).
52
Appendix D. Conversion from n(r) to n¯(r)
In Eq. (3.9), various integers n(r) are converted into their corresponding twist class n¯(r). To
see how this happens, follow the steps
1
z
(
w
z
)
n(r)
ρ(σ)
∑
m∈Z
θ(m+ n(r)ρ(σ) ≥ 0)(
w
z
)m (D.1a)
=
1
z
(
w
z
)
n¯(r)
ρ(σ)
∑
m′∈Z
θ(m′ + n¯(r)ρ(σ) ≥ 0) (
w
z
)m
′
, 0 ≤ n¯(r)
ρ(σ)
< 1 (D.1b)
=
1
z
(
w
z
)
n¯(r)
ρ(σ)
∞∑
m′=0
(
w
z
)m
′
= (
w
z
)
n¯(r)
ρ(σ)
1
z − w (D.1c)
where we have used (2.16) and the change of variable m′ = m+⌊n(r)/ρ(σ)⌋ to obtain (D.1b).
Appendix E. Direct Computation of the Tˆ Jˆ OPE’s
Orbifold operator products of the general currents Jˆn(r)µ can be obtained in one step by the
prescription
ra→ n(r)µ, Jˆ (r)a → Jˆn(r)µ (E.1)
from the formulas of Appendix A of Ref. 22. For the operator product Tˆσ Jˆ(σ), one finds the
same OPE’s as in Eq. (5.4a), but the forms of the twisted tensors M(σ) and N (σ) which
result from this computation are:
M n(s)νn(r)µ (σ) = Ln(t)δ;n(u)ǫ(σ)M n(s)νn(t)δ;n(u)ǫ;n(r)µ (σ) (E.2a)
N n(s)ν;n(t)δn(r)µ (σ) = Ln(u)ǫ;n(v)γ(σ)N n(s)ν;n(t)δn(u)ǫ;n(v)γ;n(r)µ (σ) (E.2b)
M n(u)ǫn(r)µ;n(s)ν;n(t)δ (σ) = δ n(u)ǫ(n(r)µ Gn(s)ν );n(t)δ(σ)
+
1
2
F n(u)ǫn(v)γ;(n(r)µ (σ)F n(v)γn(s)ν );n(t)δ (σ) (E.2c)
N n(u)ǫ;n(v)γn(r)µ;n(s)ν;n(t)δ (σ) =
i
2
δ
(n(u)ǫ
(n(r)µ F n(v)γ )n(s)ν );n(t)δ (σ) . (E.2d)
As expected, these results can be obtained by the duality algorithm (2.34) from the untwisted
TJ OPE’s in (5.1) and the standard relations among the untwisted tensors26,44,45,23,25
M(L) ba = L
cdM bcda , N(L)
bc
a = L
deN bcdea (E.3a)
M dabc = δ
d
(aGb)c +
1
2
f de(a f
e
b)c , N
de
abc =
1
2
δ
(d
(a f
e)
b)c . (E.3b)
Using the duality transformations (2.22d,e) and (2.31c) for G,F and L, one finds that the
forms of M(σ) and N (σ) in (E.2) are equivalent to the duality transformations for M(σ)
and N (σ) in (5.4b,c).
53
Appendix F. A(S3)/S3 and A(S4)/S4
•A(S3)/S3
We begin this appendix by checking the results of Sec. 8 against the results for the permu-
tation orbifolds A(S3)/S3 given earlier in Ref. 19. The permutation orbifolds A(S3)/S3 have
three sectors named by the partitions ~σ = {1, 1, 1}, {2, 1} and {3}. The first of these is
the untwisted sector (see (8.19)), where the ambient algebra g consists of three copies of an
untwisted (σ0 = σ1 = σ2 = 1) affine algebra at level kˆ0 = kˆ1 = kˆ2 = k.
The twisted sector ~σ = {3} has an order σ0 = 3 orbifold affine algebra15 whose currents
Jˆ
(jˆ)
a,j=0, jˆ = 0, 1, 2 have orbifold affine level kˆ0 = σ0k = 3k. The stress tensor, central charge
and ground state conformal weight of this sector are
Tˆ{3}=
λab
3
: (Jˆ
(0)
a0 Jˆ
(0)
b0 + Jˆ
(1)
a0 Jˆ
(−1)
b0 + Jˆ
(2)
a0 Jˆ
(−2)
b0 ) : + l
ab : Jˆ
(0)
a0 Jˆ
(0)
b0 : (F.1a)
cˆ({3}) = c = 6kηab(λab + lab), ∆ˆ0({3}) = 2kηabλ
ab
9
. (F.1b)
With the identification Jˆ
(jˆ)
a ≡ Jˆ (jˆ)a,j=0 and the symmetry of the bilinears given in Ref. 22, the
result (F.1) is recognized as the stress tensor and ground state conformal weight of the sector
ω1 given in Ref. 19.
Finally, the twisted sector ~σ = {2, 1} has an order σ0 = 2 orbifold affine algebra whose
currents Jˆ
(jˆ)
a,j=0, jˆ = 0, 1 have orbifold affine level kˆ0 = σ0k = 2k, and a commuting order
σ1 = 1 untwisted affine algebra with currents Jˆ
(0)
a,j=1 at level kˆ1 = k. The stress tensor, central
charge and ground state conformal weight of this sector are
Tˆ{2,1} =
λab
2
: (Jˆ
(0)
a0 Jˆ
(0)
b0 + Jˆ
(1)
a0 Jˆ
(−1)
b0 ) : + λ
ab : Jˆ
(0)
a1 Jˆ
(0)
b1 :
+ lab : (Jˆ
(0)
a0 Jˆ
(0)
b0 + Jˆ
(0)
a0 Jˆ
(0)
b1 + Jˆ
(0)
a1 Jˆ
(0)
b0 + Jˆ
(0)
a1 Jˆ
(0)
b1 ) : (F.2a)
cˆ({2, 1}) = c = 6kηab(λab + lab), ∆ˆ0({2, 1}) = kηabλ
ab
8
. (F.2b)
With the identifications Jˆ
(jˆ)
a ≡ Jˆ (jˆ)a,j=0, Ja ≡ Jˆ (0)a,j=1 this is recognized as the stress tensor and
ground state conformal weight of sector ω2 in Ref. 19. Agreement is obtained in this case
because ω2 and our ω(~σ = {2, 1}) are in the same conjugacy class of S3.
•A(S4)/S4
We turn next to the permutation orbifolds A(S4)/S4, which have five sectors named by the
partitions ~σ given in Eq. (8.9). Consider first the sector ~σ = {3, 1} with the identifications
Jˆ (jˆ)a ≡ Jˆ (jˆ)a,j=0, jˆ = 0, 1, 2; Ja ≡ Jˆ (0)a,j=1 (F.3)
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where Jˆ is an orbifold affine algebra of order three and J is a commuting integral affine
algebra. In this notation, we obtain
Tˆ{3,1} =
λab
3
: (Jˆ (0)a Jˆ
(0)
b + Jˆ
(1)
a Jˆ
(−1)
b + Jˆ
(2)
a Jˆ
(−2)
b ) : +λ
ab : JaJb :
+ lab : (Jˆ (0)a Jˆ
(0)
b + Jˆ
(0)
a Jb + JaJˆ
(0)
b + JaJb) : (F.4a)
cˆ({3, 1}) = c = 8kηab(λab + lab), ∆ˆ0({3, 1}) = 2kηabλ
ab
9
(F.4b)
from Eq. (8.23). The remaining ground state conformal weights of A(S4)/S4 are easily
computed
∆ˆ0({4}, {2, 2}, {2, 1, 1}) = kηabλab( 5
16
,
1
4
,
1
8
) (F.5)
from the partitions ~σ in Eq. (8.9).
Appendix G. The Grade Automorphism Group
The grade (inner) automorphism group is defined by
d =
1
hg
r∑
i=1
λi
α2i
, α · d = 1
2hg
G(α), ∀ α ∈ ∆(g) (G.1a)
G(α) =
r∑
i=0
ni(α) when α =
r∑
i=0
ni(α)αi (G.1b)
Nc = ρ(σ = 1) = 2hg, σ = 0, ..., 2hg − 1 . (G.1c)
Here r = rankg, hg is the Coxeter number of g and G(α) is the grade of α ∈ ∆(g). The
order ρ(1) of the σ = 1 automorphism given in (G.1c) is computed from (2.9) and the fact
that G(ψg) = hg − 1, where ψg is the highest root of g. Using (2.16), one may also compute
the twist classes of the twisted currents Jˆ of sector σ = 1
n¯α(σ = 1) =
{
2hg −G(α), α > 0
−G(α), α < 0 (G.2)
and the other sectors may be similarly analyzed.
Invariance under the grade automorphism group restricts the inverse inertia tensors of
the untwisted sectors to the form LAB, Lα,−α 6= 0, so the stress tensors of the orbifolds by
the grade automorphism group are included in Eqs. (9.23), (9.25) and (9.27).
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Appendix H. Another Mode Ordering
M ′ ordering is mode ordering by the integer part m of the mode number (m+ n(r)
ρ(σ)
),
: Jˆn(r)µ(m+
n(r)
ρ(σ) )Jˆn(s)µ(n +
n(s)
ρ(σ)) :M ′≡ θ(m ≥ 0)Jˆn(s)µ(n + n(s)ρ(σ))Jˆn(r)µ(m+ n(r)ρ(σ))
+ θ(m < 0)Jˆn(r)µ(m+
n(r)
ρ(σ) )Jˆn(s)µ(n+
n(s)
ρ(σ) ) . (H.1)
With M ′ ordering, we find in place of Eqs. (3.9), (3.11) and (3.13c):
Jˆn(r)µ(z)Jˆn(s)ν(w) = (
w
z
)
n(r)
ρ(σ){[ 1
(z − w)2 +
n(r)/ρ(σ)
w(z − w) ]Gn(r)µ;n(s)ν(σ)
+
iF n(r)+n(s),δn(r)µ;n(s)ν (σ)Jˆn(r)+n(s),δ(w)
z − w }+ : Jˆn(r)µ(z)Jˆn(s)ν(w) :M ′ (H.2a)
Tˆσ(z) =
∑
r,µ,ν
Ln(r)µ;−n(r),ν(σ){: Jˆn(r)µ(z)Jˆ−n(r),ν(z) :M ′ −in(r)
ρ(σ)
F 0δn(r)µ;−n(r)ν (σ)
Jˆ0δ(z)
z
+
1
z2
n(r)
2ρ(σ)
(1− n(r)
ρ(σ)
)Gn(r)µ;−n(r),ν(σ)} (H.2b)
Lσ(m) =
∑
r,µ,ν
Ln(r)µ;−n(r),ν(σ) {
∑
p∈Z
: Jˆn(r)µ(p+
n(r)
ρ(σ) )Jˆ−n(r),ν(m− p− n(r)ρ(σ)) :M ′
− in(r)
ρ(σ)
F 0δn(r)µ;−n(r),ν (σ)Jˆ0δ(m) + δm,0
n(r)
2ρ(σ)
(1− n(r)
ρ(σ)
)Gn(r)µ;−n(r),ν(σ)} .
(H.2c)
Curiously, the M ′ results (H.2) can be obtained by the map M → M ′, n¯(r) → n(r) from
their M-counterparts in (3.9), (3.11) and (3.13c). The M ′ ordered product in (H.2a) is not
periodic under n(r) → n(r) + ρ(σ), but the change is compensated by the G term so that
the operator product on the left is periodic. Similarly, the total summands of (H.2b,c) are
periodic, so that each n(r) can be replaced by n¯(r).
Because of its relation to the untwisted affine vacuum |0〉, M ′ ordering is used to discuss
the general inner-automorphic orbifold in Sec. 9.
Appendix I. The Mode Imbalance Phenomenon
We begin this appendix by using the orbifold induction procedure (9.24a) to rewrite the
stress tensors (9.17) of the inner-automorphic orbifolds in terms of untwisted currents. The
result is
Lσ(m) = L
q′
σ (m) + L
l′
σ(m) + δm,0∆ˆ0(L, d; σ) (I.1a)
Lq
′
σ (m) ≡
∑
p∈Z
{
∑
A,B
LAB : HA(p)HB(m− p) :M ′
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+
∑
A,α
LAα : [HA(p)Eα(m− p+ σα · d) + Eα(p+ σα · d)HA(m− p)] :M ′
+
∑
α,β
Lαβ : Eα(p)Eβ(m− p + σ(α+ β) · d) :M ′} (I.1b)
Ll
′
σ(m) ≡
∑
α+β=γ
LαβNγ(α, β)(σα · d)Eγ(m+ σγ · d) + 2k
∑
A,α
σdAL
AαEα(m+ σα · d)
+ 2k
∑
A,B
σdAL
ABHB(m) +
∑
α
Lα,−α(σα · d)α ·H(m) (I.1c)
LAα = 0 unless α · d ∈ Z, Lαβ = 0 unless (α + β) · d ∈ Z, σ = 0, ..., ρ(1)− 1 (I.1d)
where the quantity ∆ˆ0(L, d; σ) is given in (9.23c). In this form, the arguments (modes) of the
root operators are exactly the quantities in the inner parentheses of Eq. (9.17), so (according
to the discussion around (9.18)) all the modes here are integers.
In spite of their unfamiliar form, these constructions are Virasoro generators when their
inverse inertia tensors satisfy the H-invariance conditions (I.1d) and the Virasoro master
equation (2.3c). Although the current modes were balanced (i.e. summed to m) when the
generators were written in terms of the twisted currents (see Eq. (9.17)), we see in the form
(I.1) a generic mode imbalance (when LAα and Lαβ , α + β 6= 0 are non-zero) in which the
modes of the currents of Lσ(m) do not necessarily sum to m. It follows that the generic
inner-automorphic orbifold can not be described by the stress-tensor spectral flow (9.27), in
which the current modes sum to m. (The mode imbalance phenomenon is avoided however
for the special case when only LAα and Lαβ are non-zero, so that, as discussed in the text,
these special inner-automorphic orbifolds can be described by spectral flow.)
A similar mode imbalance is found for all the stress tensors of all the permutation orbifolds
when the orbifold induction procedure (9.24b) is used to express these stress tensors in terms
of untwisted current modes. As an example, we mention the form
Lσ(m) =
ρ(σ)−1∑
r=0
[
λ
ρ(σ)
−1∑
j,l=0
Lraj;−r,bl(σ)
∑
p∈Z
: Jaj(ρ(σ)p + r)Jbl(ρ(σ)(m− p)− r) :M
+
λ
ρ(σ)
−1∑
j=0
Lraj;−r,bj(σ){ −ir
ρ(σ)
f cab Jcj(ρ(σ)m) + δm,0
r
2ρ(σ)
(1− r
ρ(σ)
)kρ(σ)ηab}] (I.2)
obtained from (3.15) for the sectors of the orbifold A(Zλ)/Zλ.
Appendix J. The OVME and A(Dλ)/Dλ
In Ref. 19 it was shown that every solution of the orbifold Virasoro master equation22
(OVME) at order λ is a sector of a permutation orbifold of type A(Dλ)/Zλ. Moreover, it was
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asserted in Ref. 19 that the sectors described by the OVME also occur in the permutation
orbifolds A(Dλ)/Dλ.
To see this we begin with (the inverse of) the first (σ = 1) duality transformation,19
which constructs a particular Dλ-invariant CFT described by L from any particular solution
LOVME = L of the OVME at order λ:
LabI−J = λ
λ−1∑
r=0
Labr U(1)r;IU(1)−r;J , Labr = Lba−r = Lbar → LabK = Lba−K = LbaK (J.1a)
U †(1)I;r =
1√
λ
e−
2piirI
λ , ρ(1) = λ, I, J, r = 0, ..., λ− 1 . (J.1b)
The solution L of the OVME was identified in Ref. 19 as a sector of the orbifold A(Dλ)/Zλ
because of the Dλ symmetry of L in (J.1a) and the fact that U
†(1) satisfies
ω(h1)
J
I U
†(1)J ;r = U
†(1)I;re
− 2piir
λ , ω(h1)
J
I = δI+1,J mod λ, h1 ∈ Zλ (J.2)
which is the Zλ-eigenvalue problem at σ = 1.
Consider next the permutation orbifold A(Dλ)/Dλ, where the untwisted sector is de-
scribed by the same Dλ-symmetric L. The 2λ elements of the group Dλ are
{h} = {rσ, srσ; σ = 0, ..., λ− 1}, rλ = s2 = 1, rs = sr−1 (J.3)
and Dλ acts by permuting the currents according to
J
′
aI = ω(h)IJJaJ , ∀ h ∈ Dλ (J.4a)
ω(rσ) JI = δI+σ,J mod λ, r
σ ∈ Zλ ⊂ Dλ; ω(srσ) JI = δI+σ,−J mod λ. (J.4b)
The action of the element ω(rσ=1) ∈ Dλ in (J.4b) is the same as the action of the element
ω(hσ=1) ∈ Zλ in (J.2). Then, the first duality transformation into the first twisted sector of
A(Dλ)/Dλ
Labr =
1
λ
λ−1∑
I,J=0
LabI−JU
†(1)I;rU
†(1)J ;−r, Labr = Lba−r = Lbar ← LabK = Lba−K = LbaK (J.5)
gives the original solution L of the OVME. This establishes the assertion of Ref. 19.
Appendix K. The Setup for Outer-automorphic Orbifolds
In our notation, the outer automorphism43,41 groups of simple g are described by
α′i = τ(αi) → α′ =
rankg∑
i=1
niτ(αi) : ω
β
α = ξαδτ(α),β , ω
B
A =
rankg∑
i=1
λiAτ(αi)
B (K.1a)
ξαi = 1, ξαξ−α = 1, ξαξβξ
−1
γ Nτ(γ)(τ(α), τ(β)) = Nγ(α, β) (K.1b)
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where α, β, γ ∈ ∆(g), {λi} are the fundamental weights of g and we have taken α2 = 2.
For SU(3), the outer automorphism group is a Z2
ρ(σ = 1) = 2, τ(α1,2) = α2,1, ξ±(α1+α2) = −1 (K.2)
and solution of the H-eigenvalue problem gives eight twisted currents Jˆ = {Hˆn(r)=0,1,
Eˆ±αin(r)=0,1, Eˆ
±(α1+α2)
n(r)=1 } which, as expected, satisfy the outer-automorphically twisted affine
Lie algebra A
(2)
2 . The inverse inertia tensors of the outer automorphic invariant CFT’s on
SU(3) satisfy the H-invariance conditions
Lα1α1 = Lα2α2 , Lα1,−α2 = Lα2,−α1 (K.3a)
Lα1+α2,±α1 = −Lα1+α2,±α2, L−(α1+α2),±α1 = −L−(α1+α2),±α2 (K.3b)
and corresponding conditions on LAB, LAα. The reader is encouraged to work out the outer-
automorphic orbifolds in further detail.
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